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na pitanje kralja Ptolomeja da li postoji neki lakši pristup�
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3RMHGQRVWDYOMHQR�ND]DQR��PDWHPDWLND�VH�VDVWRML�RG�RVQRYQLK�PDWHPDWLþNLK�SRMPRYD��DNVLRPD��
GHILQLFLMD�L�WHRUHPD��
1DMMHGQRVWDYQLML� SRMPRYL� RG� NRMLK� VH� X� PDWHPDWLFL� SROD]L� L� NRML� VH� QH� PRJX� VYHVWL� QD�
MHGQRVWDYQLMH�� ]RYX� VH� RVQRYQL� PDWHPDWLþNL� SRMPRYL�� 6YRMVWYD� WLK� SRMPRYD� LQWXLWLYQR� VX�
QDP�SR]QDWD�L]�LVNXVWYD��L�RQGD�VH�RQD�L]ULþX�X�REOLNX�DNVLRPD��
$NVLRP� MH� þLQMHQLFD� LOL� WYUGQMD� NRMD� VH� SR� GRJRYRUX� VPDWUD� LVWLQLWRP�� SD� VH� QH� GRND]XMH��
3ULPMHU� RVQRYQRJ� PDWHPDWLþNRJ� SRMPD� MH� SUDYDF�� 2VQRYQD� VYRMVWYD� SUDYFD� VDGUåDQD� VX� X�
DNVLRPX� R� SUDYFX� NRML� NDåH�� �'YMHPD� UD]OLþLWLP� WRþNDPD� UDYQLQH�PRåH� VH� SRORåLWL� MHGDQ� L�
VDPR� MHGDQ� SUDYDF��� 6NXS� MH� WDNR HU� RVQRYQL�PDWHPDWLþNL� SRMDP� L� R� QMHPX� üHPR� GHWDOMQR�
govoriti nešto kasnije.�
3RMDP�NRML�QLMH�RVQRYQL�XYRGL�VH�GHILQLFLMRP��'HILQLFLMD�MH�L]UHND�NRMRP�VH�XYRGL��RGQRVQR�
RSLVXMH�QRYL�SRMDP�SRPRüX�YHü�SR]QDWLK�SRMPRYD��)RUPXODFLMD�GHILQLFLMH�PRUD�ELWL� VDVYLP�
SUHFL]QD��,]�QMH�VH�PRUD�MDVQR�YLGMHWL�NRMD�VH�ULMHþ�XYRGL�RGQRVQR�NRML�VH�SRMDP�GHILQLUD��D�VYH�
RVWDOH�ULMHþL�X�QMRM�PRUDMX�ELWL�SR]QDWH��RVQRYQL�PDWHPDWLþNL�SRMPRYL�LOL�SUHWKRGQR�GHILQLUDQL�
SRMPRYL��� 6WURJR� ND]DQR�� GHILQLFLMD� QH� VPLMH� VDGUåDYDWL� QLWL� MHGQX� ULMHþ� YLãND� QLWL� PDQMND��
3RNDåLPR�WR�QD�SULPMHUX�GHILQLFLMH�NUXåQLFH��
�1HND�MH� �UDYQLQD��6�WRþND�L]�UDYQLQH�� ��U�SR]LWLYDQ�UHDOQL�EURM�L�� ),( STd ��XGDOMHQRVW�WRþDND�
7�L�6��7DGD�VH�VNXS��{ }rSTdT =Π∈ ),(| ��]RYH�NUXåQLFD�VD�VUHGLãWHP�X�WRþNL�6�SROXPMHUD�U��L�
R]QDþDYD�V�� ),( rSk ���
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'DNOH��� ),( rSk � �{ }rSTdT =Π∈ ),(| ��
7RP� GHILQLFLMRP� VPR� QRYL� SRMDP�� NUXåQLFX�� RSLVDOL� SRPRüX� SRMPRYD� NRMH� VPR� SUHWKRGQR�
XSR]QDOL��VNXS��UDYQLQD��WRþND��XGDOMHQRVW��UHDODQ�EURM���
�
5H]XOWDWH�PDWHPDWLþNLK�LVWUDåLYDQMD�L]ULþHPR�WHRUHPLPD�LOL�SRXþFLPD��7HRUHP�LOL�SRXþDN�MH�
WYUGQMD� þLMX� LVWLQLWRVW� WUHED� GRND]DWL�� 7R� ]QDþL� GD� L]D� WHRUHPD� WUHED� QDYHVWL� QMHJRY� GRND]��
6YDNL�WHRUHP�VDGUåL�SUHWSRVWDYNX�LOL�KLSRWH]X�L�WYUGQMX�LOL�WH]X��3UHWSRVWDYND�QDEUDMD�XYMHWH�X]�
NRMH�YULMHGL�RQR�ãWR�NDåH� WYUGQMD��'RND]� WHRUHPD�MH�QL]� ORJLþNLK�NRUDND�NRMLPD�VH�SRND]XMH�
LVWLQLWRVW� WYUGQMH�� $NR� SRNDåHPR� GD� WHRUHP� L]YLUH� L]� DNVLRPD�� GHILQLFLMD� L� YHü� GRND]DQLK�
WHRUHPD�� RGQRVQR� DNR� MH� WYUGQMD� GHGXFLUDQD� NDR� QMLKRYD� ORJLþND� SRVOMHGLFD�� JRYRULPR� R�
GLUHNWQRP� GRND]X�� ,PD� WHRUHPD� NRML� VH� QH� PRJX� GRND]DWL� GLUHNWQLP� GRND]RP�� SD� VH� RQL�
GRND]XMX�LQGLUHNWQLP�GRND]RP��
$NR� WYUGQMX� QHNRJ� WHRUHPD� X]PHPR� ]D� SUHWSRVWDYNX�� D� QMHJRYX� SUHWSRVWDYNX� ]D� WYUGQMX��
GRELYDPR�WRP�WHRUHPX�VXSURWDQ�WHRUHP��LOL�NDNR�JD�SRQHNDG�QD]LYDPR��QMHJRY�REUDW��2EUDW�
VH�XYLMHN�PRUD�GRND]DWL��MHU�DNR�MH�QHNL�WHRUHP�LVWLQLW�QMHJRY�REUDW�QH�PRUD�ELWL�LVWLQLW��
�
3ULPMHU� ��� � -HGDQ� RG� QDMSR]QDWLMLK� WHRUHPD� MH� 3LWDJRULQ� SRXþDN�� �8� SUDYRNXWQRP� WURNXWX�
NYDGUDW�KLSRWHQX]H�MHGQDN�MH�]EURMX�NYDGUDWD�NDWHWD���
3UHWSRVWDYND�RYRJ�WHRUHPD�MH�GD�MH� WURNXW�SUDYRNXWDQ��D� WYUGQMD�MH�GD�MH�NYDGUDW�KLSRWHQX]H�
MHGQDN�]EURMX�NYDGUDWD�NDWHWD��2EUDW�3LWDJRULQRJ�SRXþND�MH��
�$NR�MH�NYDGUDW�KLSRWHQX]H�MHGQDN�]EURMX�NYDGUDWD�NDWHWD��RQGD�MH�WURNXW�SUDYRNXWDQ���L�WR�MH�
RSHW�LVWLQLW�WHRUHP��'DNOH��REUDW�3LWDJRULQRJ�WHRUHPD�MH�LVWLQLW��
�
3ULPMHU���� �9ULMHGL� WHRUHP���$NR�VX�GYD� WURNXWD�VXNODGQD��RQGD�RQL� LPDMX� MHGQDNH�NXWRYH���
2EUDW�RYRJ�WHRUHPD�MH���$NR�GYD�WURNXWD�LPDMX�MHGQDNH�NXWRYH��RQGD�VX�RQL�VXNODGQL���=QDPR�
GD�WR�QLMH�LVWLQD��MHU�VX�WDGD�WURNXWL�VOLþQL�L�QH�PRUDMX�ELWL�VXNODGQL��
�
=DGDWDN���,VNDåL�REUDWH�VOMHGHüLK�WHRUHPD�L�LVSLWDM�QMLKRYX�LVWLQLWRVW��
� D���$NR�MH�Q�SDUDQ�EURM��RQGD�MH�� 2n ��SDUDQ�EURM��
� E���$NR�MH�Q�QHSDUDQ�EURM��RQGD�MH�� 2n ��QHSDUDQ�EURM��
� F���$NR�VX�EURMHYL��D�L�E��GMHOMLYL�EURMHP��F��RQGD�MH��D���E��GMHOMLY�EURMHP��F��
� G���$NR�VX��α ��L�� β ��SUDYL�NXWRYL��RQGD�VX�RQL�MHGQDNL��
Rješenje: REUDWL�RG��D��L��E��VX�LVWLQLWL��D�RG��F��L��G��QLVX��
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/RJLND�SURXþDYD�YUVWH�SUDYLOQRJ�]DNOMXþLYDQMD� L�RGUH XMH�SXW�RG�SUHWSRVWDYNH�GR�]DNOMXþND��
0DWHPDWLþND� ORJLND� MH� SRVHEQD� PDWHPDWLþND� GLVFLSOLQD� NRMD� VH� L]XþDYD� NDR� IRUPDOL]LUDQD�
GHGXNWLYQD�WHRULMD��2YGMH�üHPR�L]QLMHWL�VDPR�RVQRYQH�SRMPRYH�L�VLPEROH�PDWHPDWLþNH�ORJLNH�
NRMH�üHPR�XEXGXüH�þHVWR�NRULVWLWL��
,�GUXJH�PDWHPDWLþNH�GLVFLSOLQH� LPDMX�VYRMH�VLPEROH��SD�VH�PRåH�UHüL�GD�VX�VLPEROL�VDVWDYQL�
GLR� PDWHPDWLNH�� -DVQR� MH� GD� ]QDþHQMH� VLPEROD� PRUD� ELWL� SUHFL]QR� GHILQLUDQR�� 5D]YRMHP�
PDWHPDWLNH�UD]YLMD�VH�L�QMHQD�VLPEROLND��
8�PDWHPDWLFL��NDR�L�X�VYDNRGQHYQRP�åLYRWX��PLVOL�L�WYUGQMH�L]UDåDYDPR�UHþHQLFDPD��5HþHQLFH�
kojima se nešto tvrdi zovu se GHNODUDWLYQH�UHþHQLFH��'HNODUDWLYQH� UHþHQLFH�NRMH�PRJX�ELWL�
VDPR�LOL�LVWLQLWH�LOL�QHLVWLQLWH��ODåQH��]RYX�VH�L]MDYH�LOL�VXGRYL��3RJOHGDMPR�QHNROLNR�SULPMHUD��

��� �6SOLW�VH�QDOD]L�X�+UYDWVNRM���
��� �6SOLW�VH�QDOD]L�X�%RVQL���
��� �%URM���MH�YHüL�RG�EURMD������

6YH�WUL�QDYHGHQH�UHþHQLFH�VX�L]MDYH��1DLPH��SUYD�UHþHQLFD�L]UDåDYD�LVWLQLWX�WYUGQMX��D�GUXJD�L�
WUHüD�UHþHQLFD�VX�QHLVWLQLWH�WYUGQMH��5D]PRWULPR�VOMHGHüH�WUL�UHþHQLFH��

��� �%URM���MH�YHüL�RG�EURMD�[���
��� �-D�VDGD�ODåHP���
��� �=HOHQL�WDQJHQV�SMHYD���

2YH� WUL� UHþHQLFH� VX� GHNODUDWLYQH� UHþHQLFH�� DOL� QLVX� L]MDYH� MHU� VH� QMLKRYD� LVWLQLWRVW� QH� PRåH�
RGUHGLWL��1DLPH��X�þHWYUWRM� UHþHQLFL�VH�QH�]QD�NROLNL� MH�EURM�[��SD�VH�QH�PRåH�RGUHGLWL�QMHQD�
LVWLQLWRVW��8�SHWRM� VH� WYUGL� GD� ODåHP��D� WR� ]QDþL�GD� ODåHP�NDG�NDåHP�GD� ODåHP��SD� JRYRULP�
LVWLQX��D�WR�MH�X�VXSURWQRVWL�V�L]MDYRP�GD�ODåHP��âHVWD�UHþHQLFD�QLMH�VPLVOHQD��
�
2]QDþLPR�V�$�QHNX�L]MDYX��$NR�MH�L]MDYD�$�LVWLQLWD�SLVDW�üHPR�

Τ=)(Aτ ��LOL�� 1)( =Aτ ��
$NR�MH�L]MDYD�$�QHLVWLQLWD�SLVDW�üHPR�

=⊥)(Aτ ��LOL�� 0)( =Aτ ��
7X�MH��τ ��JUþNR�VORYR��WDX���]QDN�7�þLWD�VH��WH���D�]QDN��⊥ �þLWD�VH��QH�WH���
�1D�SULPMHU��τ �6SOLW�VH�QDOD]L�X�+UYDWVNRM�� ����D��τ �6SOLW�VH�QDOD]L�X�%RVQL�� ����
3ULQFLS�QD�RVQRYX�NRMHJ�L]MDYD�PRåH�ELWL�VDPR�LOL�LVWLQLWD�LOL�ODåQD�]RYH�VH��WHUWLXP�QRQ�GDWXU���
RGQRVQR�SULQFLS�LVNOMXþHQMD�WUHüHJ��-H]LN�VYDNH�PDWHPDWLþNH�GLVFLSOLQH�VDVWRML�VH�LVNOMXþLYR�RG�
UHþHQLFD�NRMH�VX�L]MDYH��GDNOH�RG�UHþHQLFD�NRMH�VX�LOL�LVWLQLWH�LOL�ODåQH�L�QHPD�QHNH�GDOMQMH�WUHüH�
PRJXüQRVWL��1D�WRM�þLQMHQLFL�SRþLYD�]QDþDM��OMHSRWD�L�WHåLQD�PDWHPDWLNH��
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,VWDNQLPR� MRã� MHGQRP�� VYDND� UHþHQLFD� NRMD� VH� L]JRYRUL� LOL� QDSLãH� X� L]ODJDQMX� QHNRJ�
PDWHPDWLþNRJ�JUDGLYD� MH�LOL� LVWLQLWD�LOL� ODåQD��LOL� WRþQD� LOL�QHWRþQD�� L�QH�PRåH�ELWL�GMHORPLþQR�
WRþQD��7R�QH�YULMHGL�X�VYDNRM�]QDQRVWL��QD�SULPMHU�HNRQRPLML��SUDYX��PHGLFLQL��
�
1DYHGLPR� XVSXW� GD� VH� QD� SULQFLSX� LVNOMXþHQMD� WUHüHJ� ]DVQLYD� X�PDWHPDWLFL� þHVWR� NRULãWHQD�
PHWRGD�LQGLUHNWQRJ�GRND]D��2QD�VH�VDVWRML�X�WRPH�GD�DNR�GRNDåHPR�GD�QLMH�LVWLQD�GD�MH�QHND�
L]MDYD�ODåQD��RQGD�MH�RQD�LVWLQLWD��8�SUDNVL�VH�LQGLUHNWQL�GRND]�LVWLQLWRVWL�QHNH�L]MDYH�SURYRGL�
WDNR�GD�VH�GRNDåH�GD�VXSURWQD�L]MDYD�YRGL�GR�DSVXUGD��SURWXUMHþMD��NRQWUDGLNFLMH���
�
,]�SRMHGLQLK�L]MDYD�JUDGH�VH�QRYH��VORåHQH�L]MDYH�SRPRüX�RSHUDFLMD�V�L]MDYDPD��7H�RSHUDFLMH�
GHILQLUDQH� VX�PH X� HOHPHQWLPD� VNXSD� � ^���`� � L� RQH� þLQH� DOJHEUX� L]MDYD��'HILQLUDPR� LK� QD�
VOMHGHüL�QDþLQ��$�L�%�VX�R]QDNH�]D�SURL]YROMQH�L]MDYH���
�
���.RQMXNFLMD��$	%��LOL��$∧ �%��GYLMX�L]MDYD�MH�VORåHQD�L]MDYD�NRMD�MH�SR�GHILQLFLML�LVWLQLWD�DNR�
L�VDPR�DNR��NUDüH�SLãHPR�DNNR��VX�REMH�L]MDYH��$��%�LVWLQLWH��=QDN�	�RGQRVQR�� ∧ �þLWD�VH��L���
LOL� � �HW��� ãWR� MH� ODWLQVNL�YH]QLN� �L���1DYHGHQD�GHILQLFLMD� NRQMXNFLMH� L]MDYD�PRåH� VH� SULND]DWL�
SRPRüX�WDEOLFH�NRMD�VH�]RYH�WDEOLFD�LVWLQLWRVWL��LOL��VHPDQWLþND�WDEOLFD��
�
�
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���'LVMXQNFLMD� �$� ∨ �%� � GYLMX� L]MDYD� MH� VORåHQD� L]MDYD� NRMD� MH�SR�GHILQLFLML� LVWLQLWD� DNNR� MH�
EDUHP�MHGQD�RG� L]MDYD� �$��%� � LVWLQLWD��=QDN�� ∨ � �þLWD�VH��LOL��RGQRVQR�ODWLQVNL��YHO���8�RYRM�
GHILQLFLML�]QDN�� ∨ , odnosno veznik ili ima slabiji, inkluzivni smisao jer dopušta da istodobno 

YULMHGH�REMH�L]MDYH��$��%��=DWR�VH�RYD�RSHUDFLMD�SUHFL]QLMH�]RYH�LQNOX]LYQD�GLVMXQNFLMD��3RUHG�
QMH�SRVWRML�L�HNVNOX]LYQD�GLVMXQNFLMD��$�∨ %��NRMD�MH�LVWLQLWD�DNNR�MH�VDPR�MHGQD�RG�L]MDYD��$�
L�%�LVWLQLWD��DOL�QH�REMH���'HILQLFLMH�RYLK�VORåHQLK�L]MDYD�GDQH�VX�X�WDEOLFL�LVWLQLWRVWL��
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�
8RþLPR� GD� X� QDãHP� MH]LNX� YH]QLN� �LOL�� LPD� SRQHNDG� LQNOX]LYQL�� D� SRQHNDG� HNVNOX]LYQL�
VPLVDR��8�UHþHQLFL���3RSRGQH�üX�VSDYDWL�LOL�üX�þLWDWL�NQMLJX����VPLVDR�MH�LQNOX]LYQL��GRN�MH�X�
UHþHQLFL���,YR�VH�URGLR�X�6SOLWX�LOL�X�âLEHQLNX����VPLVDR�HNVNOX]LYQL��
�
���,PSOLNDFLMD��$�⇒ �%� �GYLMX�L]MDYD�MH�VORåHQD�L]MDYD�NRMD�MH�SR�GHILQLFLML�ODåQD�DNNR�MH�$�
LVWLQLWD��D�%� ODåQD�� ,]MDYD� �$� ⇒ �%� �þLWD� VH� ��DNR�MH�$�RQGD�MH�%��� ��L]�$�VOLMHGL�%��� ��$�MH�
GRYROMDQ� XYMHW� ]D� %�� � LOL� � �%� MH� QXåDQ� XYMHW� ]D� $��� � D� ]QDN� � ⇒ � � þLWD� VH� � �SRYODþL�� � LOL��
�LPSOLFLUD���3ULSDGQD�WDEOLFD�LVWLQLWRVWL�MH��
�
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�
3ULPLMHWLPR� GD� VH� WUHüL� L� þHWYUWL� UHGDN� WDEOLFH� UD]OLNXMH� RG� RQRJ� ãWR� VPR� QDXþLOL� X�
VYDNRGQHYQRP�åLYRWX��1DLPH�� DNR� MH�SUHWSRVWDYND�SRJUHãQD� RQGD� VH�QH�XRELþDYDPR� VOXåLWL�
LPSOLNDFLMRP�MHU�VH�L]�SRJUHãQH�SUHWSRVWDYNH�QH�PRåH�QLãWD�]DNOMXþLWL��2EMDVQLPR�þHWYUWL�UHGDN�
WDEOLFH�QD�SULPMHUX��
�$NR�MH�=HPOMD�YHüD�RG�6XQFD�RQGD�MH�0MHVHF�YHüL�RG�=HPOMH���,]MDYD�$�GD�MH�=HPOMD�YHüD�RG�
6XQFD�MH�ODåQD�NDR�L�L]MDYD�%�GD�MH�0MHVHF�YHüL�RG�]HPOMH��D�L]MDYD��$�⇒ �%��MH�LSDN�WRþQD��
�
���(NYLYDOHQFLMD��$� ⇔ �%��GYLMX�L]MDYD�MH�VORåHQD�L]MDYD�NRMD�MH�LVWLQLWD�DNNR�VX�REMH�L]MDYH�
LVWLQLWH�LOL�REMH�ODåQH��,]MDYD��$�⇔ �%��þLWD�VH���$�MH�RQGD�L�VDPR�RQGD�DNR�MH�%����$�MH�DNNR�MH�
%�� � LOL� � �$� MH� QXåDQ� L� GRYROMDQ� XYMHW� ]D� %��� =QDN� � ⇔ � þLWD� VH� � �HNYLYDOHQWQR��� 7DEOLFD�
LVWLQLWRVWL�MH��
�
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�
,]MDYD��$�⇔ �%��PRåH�VH�GHILQLUDWL�L�NDR���$�⇒ �%��	��%�⇒ �$���
�
���1HJDFLMD� �º$� � L]MDYH�$� MH� L]MDYD�NRMD� MH� LVWLQLWD�DNNR�MH� L]MDYD�$� ODåQD��=QDN� �� � þLWD� VH��
�QLMH���LOL�ODWLQVNL���QRQ���7DEOLFD�LVWLQLWRVWL�MH��
�

$� º$�
�� ��
�� ��

� �
�
,]� QDYHGHQRJ� VOLMHGL� GD� VX� NRQMXNFLMD�� GLVMXQNFLMD�� LPSOLNDFLMD� L� HNYLYDOHQFLMD� ELQDUQH�
RSHUDFLMH��MHU�GMHOXMX�QD�GYLMH�L]MDYH���GRN�MH�QHJDFLMD�XQDUQD�RSHUDFLMD��GMHOXMH�QD�VDPR�MHGQX�
L]MDYX���
�
1D�NUDMX�QDYHGLPR�GD�MH�L]MDYD��$�⇒ �%��HNYLYDOHQWQD�V�L]MDYRP��%�⇒ �$����WM���
�$�⇒ �%��	��%�⇒ �$����SD�VH�X�PDWHPDWLFL�LPSOLNDFLMD��$�⇒ �%��þHVWR�GRND]XMH�WDNR�GD�VH�
GRNDåH� LPSOLNDFLMD� � %� ⇒ � $� � �WDNR]YDQD� PHWRGD� VXSURWQRJ� LOL� NRQWUDSR]LFLMH� LOL�
NRQWUDGLNFLMH���
�
8�PDWHPDWLFL�þHVWR�NRULVWLPR�ULMHþL� ��VYDNL�� � L� ��SRVWRML�� �SD�]D�WH�ULMHþL�XYRGLPR�L�SRVHEQH�
]QDNRYH�NRML�olakšavaju njihovu primjenu. Zovemo ih kvantifikatori ili kvantori.�
�
8QLYHU]DOQL� NYDQWLILNDWRU� LPD� ]QDþHQMH� � �]D� VYDNL�� � L� R]QDNX� � ∀ �� 1D� SULPMHU� L]MDYD��

)0)(( 2 ≥∈∀ xRx ��]QDþL���]D�VYDNL�UHDODQ�EURM�[�YULMHGL�� 02 ≥x ���
8VSXW�QDYHGLPR�GD�YULMHGL� � � τ > )0)(( 2 ≥∈∀ xRx @� ��� � �MHU� MH�NYDGUDW� VYDNRJ� UHDOQRJ�EURMD�
QHQHJDWLYDQ�EURM���L��τ > )0)(( 2 >∈∀ xRx @� �����MHU�NYDGUDW�EURMD���QLMH�YHüL�RG�����
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(J]LVWHQFLMDOQL�NYDQWLILNDWRU�LPD�]QDþHQMH���SRVWRML�EDUHP�MHGDQ���L�R]QDNX��∃ ��7DNR�L]MDYD��
)4)(( 2 =∈∃ xRx ��]QDþL���SRVWRML�EDUHP�MHGDQ�UHDODQ�EURM�NRMHPX�MH�NYDGUDW�����

3RUHG�NYDQWLILNDWRUD�� ∃ ��SRVWRML�L�NYDQWLILNDWRU�� ∃ ���NRML�LPD�]QDþHQMH���SRVWRML�MHGDQ�L�VDPR�
MHGDQ�� � LOL� ��SRVWRML� WRþQR� MHGDQ���7DNR�QD�SULPMHU� L]MDYD� � )0)(!( 2 =∈∃ xRx � � ]QDþL� ��SRVWRML�
MHGDQ�L�VDPR�MHGDQ�UHDODQ�EURM�þLML�MH�NYDGUDW�����
�
=DGDWDN�����3URþLWDM�L�LVSLWDM�LVWLQLWRVW�VOMHGHüLK�L]MDYD��
� D��� )100)()(( >⋅∈∃∈∀ nmNmNn ���
� E��� )34202)(!( =+∈∃ nNn ���
� F��� [ ])00()0(),( =∨=⇔=⋅∈∀ babaRba ���
�
=DGDWDN�����6OMHGHüH�L]MDYH�L]UD]L�ORJLþNLP�VLPEROLPD��D�L�E�VX�UHDOQL�EURMHYL���
� D���$NR�MH�� 0≠⋅ ba ��RQGD�MH�� 0≠a ��L�� 0≠b ���
� �����Rješenje: [ ])0(&)0()0( ≠≠⇒≠⋅ baba ��
� E���$NR�MH�� 0>⋅ ba ��RQGD�MH��D�!����L��E�!����LOL��D�����L�E������
� �����Rješenje:  [ ] [ ])0(&)0()0(&)0()0( <<∨>>⇒>⋅ bababa ��
�
=DGDWDN�����8YMHUL�VH�X�LVWLQLWRVW�VOMHGHüLK�HNYLYDOHQFLMD��WX�VX�VD�3�[��R]QDþHQL�VYL�HOHPHQWL�
QHNRJ�VNXSD�NRML�LPDMX�VYRMVWYR�3���
� D��� )()()( xxPx ∃⇔∀  )(xP ���
� E��� )()()( xxPx ∀⇔∃  )(xP ���
�
�
�
�
�
�
�
�
�
�
�
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���6.8329,�
�

�
8�RYRM�WRþNL�QDYHVW�üHPR�RVQRYQH�SRMPRYH�L�VLPEROH�WHRULMH�VNXSRYD�NRML�VX�QDP�YHüLQRP�
SR]QDWL�MRã�L]�RVQRYQH�ãNROH��7L�SRMPRYL�SUHGVWDYOMDMX�RVQRYH�VYDNH�PDWHPDWLþNH�WHRULMH��
3R�GRJRYRUX��VNXS�MH�RVQRYQL�PDWHPDWLþNL�SRMDP�SD�VH�QH�GHILQLUD��%LOR�MH�PQRJR�SRNXãDMD�
GD�VH� WDM�SRMDP�GHILQLUD��NDR�QD�SULPMHU���VNXS�MH�XMHGLQMHQMH�QHNLK�SUHGPHWD�X�FMHOLQX��� LOL�
�VNXS�MH�PQRãWYR�NRMH�VKYDüDPR�NDR�MHGQR���,SDN�RYR�QLVX�GHILQLFLMH�MHU�VH�X�QMLPD�NRULVWH�
QHSR]QDWH�ULMHþL�LOL�VLQRQLPL��XMHGLQMHQMH��SUHGPHW��FMHOLQD��PQRãWYR��
6NXS�MH�X]HW�]D�RVQRYQL�PDWHPDWLþNL�SRMDP�MHU�MH�LQWXLWLYQR�MDVDQ��1D�SULPMHU�VYLPD�MH�MDVQR�
ãWR� SUHGVWDYOMD� �VNXS� VWXGHQDWD� QHNRJ� IDNXOWHWD��� �VNXS� WRþDND� QD� SUDYFX��� �VNXS� VORYD� X�
ULMHþL���LWG��
�
6YDNL�VNXS�VDþLQMDYDMX�QMHJRYL�HOHPHQWL� LOL�þODQRYL��3R�GRJRYRUX�VH�SUHWSRVWDYOMD�GD�VX�RQL�
PH XVREQR� UD]OLþLWL�� 6NXSRYH� R]QDþDYDPR� YHOLNLP� VORYLPD�� D� HOHPHQWH� PDOLP� VORYLPD��
,]MDYD��D�MH�HOHPHQW�VNXSD�$��� ��D�SULSDGD�VNXSX�$��� LOL� ��$�VDGUåL�HOHPHQW�D��R]QDþDYD�VH��
D�$��D�VXSURWQD�L]MDYD��D�QLMH�HOHPHQW�VNXSD�$��R]QDþDYD�VH��D�$��
6NXS�$�MH�]DGDQ�DNR�VH�]D�SURL]YROMQL�HOHPHQW�D�]QD�GD�OL�YULMHGL� �D∈$��LOL� �D∉$��WM��DNR�VH�
WRþQR�]QD�NRMH�HOHPHQWH�VDGUåL��,DNR�ULMHþ�VNXS�QDYRGL�QD�PLVDR�R�VDGUåDYDQMX�YLãH�HOHPHQDWD��
X�PDWHPDWLFL�VH�SURPDWUDMX�L�VNXSRYL�NRML�VDGUåH�VDPR�MHGDQ�LOL�QLMHGDQ�HOHPHQW��
2]QDND��$� �^D��E��F`�]QDþL�GD�VNXS�$�VDGUåL�WRþQR�HOHPHQWH�D��E�L�F��$QDORJQR��R]QDND��%� �
^E � ��E � �������E � `�]QDþL�GD�VNXS�%�VDGUåL�HOHPHQWH��E � ��E � �������E� ��SUL�RYRP�LVSLVLYDQMX�HOHPHQDWD��
WUL�WRþNLFH���������]QDþH�L�þLWDMX�VH���L�WDNR�GDOMH����D�R]QDND��&� �^F`�]QDþL�GD�VH�VNXS�&�VDVWRML�
RG�VDPR�MHGQRJ�HOHPHQWD�F� �WDNR]YDQL�MHGQRþODQL� VNXS���1DSRPHQLPR�GD�NRG�]DSLVD�VNXSD�
QLMH�YDåDQ�SRUHGDN�QMHJRYLK�HOHPHQDWD��1D�SULPMHU�YULMHGL��$� �^D��E��F`� �^F��D��E`��1DYHGHQL�
VNXSRYL�VX�NRQDþQL�VNXSRYL��
3RVWRMH�L�EHVNRQDþQL�VNXSRYL��QD�SULPMHU�VNXS��'� �^�G � ��G � �������G � �����`��SULMH�VSRPHQXWL�VNXS�
WRþDND�QD�NUXåQLFL��� ),( rSk � �{ }rSTdT =Π∈ ),(| ��L�SR]QDWL�VNXSRYL�EURMHYD��
� 1� �VNXS�SULURGQLK�EURMHYD��
� =� �VNXS�FLMHOLK�EURMHYD��
� 4� �VNXS�UDFLRQDOQLK�EURMHYD��
� 5� �VNXS�UHDOQLK�EURMHYD��
� &� �VNXS�NRPSOHNVQLK�EURMHYD���



� ��

7H� VNXSRYH� NDVQLMH� üHPR� GHWDOMQR� UD]PDWUDWL�� ,VWR� WDNR�� NDVQLMH� üHPR� GDWL� WRþQX� GHILQLFLMX�
NRQDþQRJ�RGQRVQR�EHVNRQDþQRJ�VNXSD��
0H X� VNXSRYH�� SR�GRJRYRUX�XEUDMDPR� L�SUD]DQ� VNXS�∅� NRML� QH� VDGUåL�QLWL� MHGDQ�HOHPHQW��
0RJOL�EL�UHüL�GD�MH�SUD]DQ�VNXS�QHJDFLMD�LOL�RGVXVWYR�VNXSD��2Q�MH�SR�GRJRYRUX�NRQDþDQ�VNXS��
3ULPMHUL� SUD]QRJ� VNXSD� VX� �VNXS� NRQMD� QD�0MHVHFX�� � LOL� � �VNXS� UMHãHQMD� VXVWDYD� MHGQDGåEL��

,12 =− yx � 563 =− yx ���
ýHVWR�QLMH�PRJXüH�QDYHVWL�VYH�HOHPHQWH�QHNRJ�VNXSD��SD�VH�X�WRP�VOXþDMX�NRULVWL�R]QDND��$� �
^D� _� 3�D�`� � LOL� �$� � ^D� �� 3�D�`��2QD� QDP�ND]XMH� GD� VH� VNXS�$� VDVWRML� RG� RQLK� L� VDPR� RQLK�
HOHPHQDWD�NRML�LPDMX�VYRMVWYR�3��D�þLWD�VH���$�MH�VNXS�VYLK�HOHPHQDWD�D�VD�VYRMVWYRP�3���1D�
SULPMHU��$� �^D∈=�_�_D_��`� �^���������������`����%� �^�[∈4�_�[ �  ��`� �∅��
6NXSRYH� MH� ]JRGQR� SULND]LYDWL� SRPRüX�9HQQ�(XOHURYLK� GLMDJUDPD�� WM�� NDR� GLMHORYH� UDYQLQH�
RPH HQH�]DWYRUHQLP�NULYXOMDPD��

����������������� ���������������������������������� �
�

������32'6.83�
�
'HILQLFLMD��$NR�VX�$�L�%�SURL]YROMQL�VNXSRYL�L�DNR�YULMHGL�� ))(( BaAaa ∈⇒∈∀ �WDGD�NDåHPR��
GD�MH�$�SRGVNXS�VNXSD�%��LOL�%�MH�QDGVNXS�VNXSD A i pišemo  $���%��2YD�UHODFLMD�PH X�
VNXSRYLPD�]RYH�VH�LQNOX]LMD��

�
3R�GRJRYRUX�SUD]DQ�VNXS�VPDWUDPR�SRGVNXSRP�VYDNRJ�VNXSD��'DNOH��YULMHGL� �∅�⊂�$�� A∀ ��
2þLWR�MH�L�GD�YULMHGL��$�⊂�$�� A∀ ��
�
'HILQLFLMD���6NXSRYL�$�L�%�VX�MHGQDNL, pišemo  $� �%��DNR�YULMHGL��$�⊂�%�L��%�⊂�$��6NXSRYL�
$�L�%�VX�UD]OLþLWL, pišemo  $���%��DNR�QLVX�MHGQDNL��
�



� ���

'HILQLFLMD���$NR�YULMHGL�$�⊂�%�L�$���%�WDGD�NDåHPR�GD�MH�$�SUDYL�SRGVNXS od B i pišemo 

$�%���
�
'DNOH�YULMHGL��� ))(( BaAaaBA ∈⇒∈∀⇔⊆ �	� Bbb ∈∃ )(( �	� )Ab∉ ��
�
'HILQLFLMD���$NR�MH�$�VNXS��RQGD�VH�VNXS�VYLK�SRGVNXSRYD�VNXSD�$�]RYH�VH�SDUWLWLYQL�VNXS��
� ��������VNXSD�$�L�R]QDþDYD�VD��3��$���
�
'DNOH���3��$�� �^;�_�;�⊂�$`��RGQRVQR�WR�MH�VNXS�þLML�VX�HOHPHQWL�SRGVNXSRYL�VNXSD�$��0RåH�
VH�SRND]DWL�GD�SDUWLWLYQL�VNXS�VNXSD�RG��Q��HOHPHQDWD�VDGUåL�� n2 �HOHPHQDWD��
�
3ULPMHU���3DUWLWLYQL�VNXS�VNXSD�� { }cbaA ,,= �MH���

3�(A) = {O,{ }{ }{ }{ }{ }{ }{ }cbacbcabacba ,,,,,,,,,,, `��
6NXS�$�LPD���HOHPHQWD��D�SDUWLWLYQL�VNXS��3��$���LPD�� 823 = ��HOHPHQDWD��
�
�

�����23(5$&,-(�6$�6.8329,0$�
�
Osnovne operacije sa skupovima su unija, presjek i razlika skupova. Ove operacije se još 

]RYX�L�%RROH�RYH�RSHUDFLMH��3RPRüX�QMLK�]DGDQLP�VNXSRYLPD�SULGUXåXMHPR�QRYH�VNXSRYH��
�

'HILQLFLMD�� �8QLMD� VNXSRYD� �$� L�%� � MH� QRYL� VNXS� �$���%� � þLML� HOHPHQWL� LPDMX� VYRMVWYR�GD�
SULSDGDMX�EDUHP�MHGQRP�RG�VNXSRYD�$�L�%��

$�∪�%� �^[�_�[∈$�∨��[∈%`�

�
2þLWR�MH�GD�YULMHGL��$�∪�O = A,  A�∪�$� �$��L��RSüHQLWR�L]��%�⊂�$��VOLMHGL��$�∪�%� �$��

$� %�



� ���

$QDORJQR�VH�GHILQLUD�L�XQLMD�ELOR�NRMHJ�EURMD�VNXSRYD��$NR�VX��$ � ��L∈,��SURL]YROMQL�VNXSRYL��
WDGD�MH�XQLMD�VNXSRYD��$ � VNXS�� iiIi

AxIixA ∈∈∃=∪
∈

,|{ `��7X�MH�,�QHNL�NRQDþQL�LOL�EHVNRQDþQL�
skup, npr.  I = {1,2,3,…,n}. �

�
'HILQLFLMD�� �3UHVMHN� VNXSRYD� � $� L� %� � MH� � VNXS� �$��� %� � þLML� HOHPHQWL� LPDMX� VYRMVWYR� GD�
SULSDGDMX�L�VNXSX�$�L�VNXSX�%��

$�∩�%� �^[�_�[∈$�	��[∈%`�

�
2þLWR�MH�GD�YULMHGL��$�∩�O = O,  A�∩�$� �$��L��RSüHQLWR�L]��%�⊂�$��VOLMHGL��$�∩�%� �%��
$QDORJQR�VH�GHILQLUD�L�SUHVMHN�ELOR�NRMHJ�EURMD�VNXSRYD��$NR�VX��$ � ��L∈,��SURL]YROMQL�VNXSRYL��
WDGD�MH�SUHVMHN�VNXSRYD��$ � VNXS�� iiIi

AxIixA ∈∈∀=∩
∈

,|{ `���
�
'HILQLFLMD���$NR�MH��$�∩�%� ����NDåH�VH�GD�VX��$�L�%��GLVMXQNWQL�VNXSRYL��
�
'HILQLFLMD�� �5D]OLND� LOL� GLIHUHQFLMD� VNXSRYD� �$� L�%� MH� VNXS� �$� ?�%� � NRML� VH� VDVWRML� RG� RQLK�
HOHPHQDWD�VNXSD�$�NRML�QLVX�HOHPHQWL�VNXSD�%��

$�?�%� �^ BxAxx ∉∈ &| `�
�

'HILQLFLMD���$NR�MH��%�⊂�$��WDGD�VH�VNXS��$�?�%��]RYH�NRPSOHPHQW�RG�%�X�VNXSX�$�L�R]QDþDYD�
VD��F � %��

�
� ýHVWR�VH�X�UD]PDWUDQMLPD�SURPDWUDMX�VDPR�SRGVNXSRYL�QHNRJ�RGUH HQRJ�VNXSD��D�VYL�
RVWDOL�VNXSRYL�VH�]DQHPDUXMX��8�WRP�VH�VOXþDMX�WDM�VNXS�]RYH�XQLYHU]DOQL�VNXS�LOL�XQLYHU]XP�
L�R]QDþDYD�VD�8��7DGD�VH��F � $��R]QDþDYD�VDPR�VD��F$��



� ���

�
3ULPMHU�����=D�XþHQLNH�X�QLåLP�UD]UHGLPD�RVQRYQH�ãNROH�XQLYHU]DOQL�VNXS�8�MH�VNXS�SULURGQLK�
EURMHYD�1� LOL� VNXS� FLMHOLK� EURMHYD�=�� MHU� RQL� SURPDWUDMX� VDPR� SRGVNXSRYH� LOL� HOHPHQWH� WLK�
VNXSRYD��

�
3ULPMHU� ��� � =D� OLMHþQLNH� XQLYHU]DOQL� VNXS�8� MH� VNXS� VYLK� OMXGL�� MHU� RQL� SURPDWUDMX� VDPR�
RGUH HQH�VNXSLQH��VNXSRYH��OMXGL��GDNOH�SRGVNXSRYH�WRJD�VNXSD��

�
7HRUHP���$NR�VX�$��%�L�&�SURL]YROMQL�VNXSRYL��RQGD�YULMHGL��

��� $�∪�%� �%�∪�$������]DNRQ�NRPXWDFLMH�]D�XQLMX���
��� $�∪��%�∪�&�� ��$�∪�%��∪�&������]DNRQ�DVRFLMDFLMH�]D�XQLMX���
��� $�∩�%� �%�∩�$������]DNRQ�NRPXWDFLMH�]D�SUHVMHN���
��� $�∩��%�∩�&�� ��$�∩�%��∩�&������]DNRQ�DVRFLMDFLMH�]D�SUHVMHN���
��� $�∩��%�∪�&�� ��$�∩�%��∪��$�∩�&�������]DNRQ�GLVWULEXFLMH���
��� $�∪��%�∩�&�� ��$�∪�%��∩��$�∪�&�������]DNRQ�GLVWULEXFLMH���

'RND]�� � 6OLMHGL� QHSRVUHGQR� L]� GHILQLFLMH� MHGQDNRVWL� GYDMX� VNXSRYD� L� GHILQLFLMD� RSHUDFLMD� VD�
VNXSRYLPD�� 3URYRGL� VH� WDNR� GD� VH� GRNDåH� GD� MH� VNXS� QD� OLMHYRM� VWUDQL� MHGQDNRVWL� SRGVNXS�
VNXSD�QD�GHVQRM�VWUDQL��L�REUQXWR��
�
7HRUHP���$NR�VX�$��%�L�&�SURL]YROMQL�VNXSRYL��RQGD�YULMHGL��

��� $�?��%�∪�&�� ��$�?�%��∩��$�?�&���
��� $�?��%�∩�&�� ��$�?�%��∪��$�?�&���
��� $�?��$�?�%�� �$�∩�%��
��� �$�∪�%��?�&� ��$�?�&��∪��%�?�&���
��� F � O = A,  c � A = O;�
��� F � �F � �%�� �%����
��� F��$�∪�%�� �F$��∩�F%���
��� F��$�∩�%�� �F$��∪�F%���
��� F��$�?�%�� �F$�∪�%��
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'RND]���'RNDåLPR�MHGQX�RG�RYLK�WYUGQML��QD�SULPMHU�SUYX��
$NR�XYHGHPR�R]QDNH��;� �$�?��%�∪�&����<� ��$�?�%��∩��$�?�&���WUHEDPR�GRND]DWL�GD�MH�;� �<�
D�WR�üHPR�GRND]DWL�DNR�SRNDåHPR�GD�MH��;�⊂�<��L��<�⊂�;��
� 2GDEHULPR�SURL]YROMQL��[�∈�;� �$�?��%�∪�&���7R�]QDþL�GD�MH��[�∈�$��L��[�∉�%�∪�&��
RGQRVQR�[�∈�$��[�∉�%�L�[�∉�&��1DGDOMH�WR�]QDþL�GD�MH��[�∈�$�?�%��L��[�∈�$�?�&��RGQRVQR���
[�∈��$�?�%��∩��$�?�&�� �<��%XGXüL�GD�MH�[�SURL]YROMQR�RGDEUDQL�HOHPHQW�VNXSD�;��WR�YULMHGL�]D�
VYDNL�HOHPHQW�VNXSD�;��SD�MH��;�⊂�<��
,VSLãLPR�]D�YMHåEX�RYDM�GLR�GRND]D�ORJLþNLP�VLPEROLPD��
[�∈�;� �$�?��%�∪�&���⇒���[�∈�$��	��[�∉�%�∪�&���⇒���[�∈�$��[�∉�%�	�[�∉�&���⇒�
�[�∈�$�?�%�	�[�∈�$�?�&���⇒��[�∈��$�?�%��∩��$�?�&�� �<��D�WR�]QDþL�GD�MH�]DLVWD��;�⊂�<��
� 8]PLPR�VDGD�SURLYROMQL�HOHPHQW��\�∈�<� ��$�?�%��∩��$�?�&���7R�]QDþL�GD�MH��\�∈�$�?�%�
L��\�∈�$�?�&��RGQRVQR��\�∈�$��\�∉�%�L��\�∉�&��6DGD�MH�RþLWR�GD�YULMHGL��\∉�%�∪�&�L��
\�∈�$�?��%�∪�&�� �;��%XGXüL�GD�MH�\�ELR�SURL]YROMQR�RGDEUDQL�HOHPHQW�L]�<��YULMHGL�]DLVWD��
<⊂�;��7LPH�MH�WYUGQMD�SRWSXQR�GRND]DQD��
� 6OLþQR�VH�GRND]XMX�L�VYH�SUHRVWDOH�WYUGQMH��
�
=DGDWDN�����D���âWR�VYH�PRåH�ELWL�SUHVMHN�GYD�UD]OLþLWD�SUDYFD�X�UDYQLQL"�

E�� âWR�VYH�PRåH�ELWL�SUHVMHN�SUDYFD�L�NUXåQLFH�X�UDYQLQL"�
Rješenje:�

D�� 3UHVMHN�GYD�UD]OLþLWD�SUDYFD�X�UDYQLQL�MH�MHGQRþODQL�VNXS��DNR�VH�SUDYFL�VLMHNX���LOL�
SUD]DQ�VNXS��DNR�VX�SUDYFL�SDUDOHOQL���

E�� 3UHVMHN�SUDYFD�L�NUXåQLFH�X�UDYQLQL�MH�GYRþODQL�LOL�MHGQRþODQL�LOL�SUD]DQ�VNXS��
�
=DGDWDN�����$NR�MH��$� �^[�∈�1�_�����[����`��%� �^�[�∈�1�_���≤�[����`��RGUHGL�VNXSRYH�$�∪�%���
$�∩�%��$�?�%��L��%�?�$��,VWR�RGUHGL�]D�VNXSRYH��&� �^�[�∈�1�_��[�–����!��`�L��'� �^�[�∈�1�_����
–��[�!��`��
Rješenje:�
� $� �^�������`���%� �^����������������`����
� $�∪�%� �^����������������`� �%���$�∩�%� �^�������`� �$���$�? B = O,  B ?�$� �^�������`��
� C = {4, 5, 6, …},  D = {1, 2, 3, 4, 5, 6, 7, 8},�
� &�∪�D = {1, 2, 3, …} = 1���&�∩�'� �^�������������`���&�? D = {9, 10, 11, …}, �
� '�?�&� �^�������`��
�



� ���

�����3$57,&,-$�6.83$�,�',5(.71,�8012ä$.�6.8329$�
�
'HILQLFLMD���3DUWLFLMD�VNXSD�$�MH�VNXS��Ø��$�� �^$ � ��$ � , … , A	 `�þLML�VX�HOHPHQWL�QHSUD]QL�
SRGVNXSRYL�$ � VNXSD�$�VD�VYRMVWYLPD��

��� HOHPHQWL�VNXSD��Ø��$��PH XVREQR�VX�GLVMXQNWQL��
��� XQLMD�VYLK�HOHPHQDWD�VNXSD��Ø��$��MH�VNXS�$��

�
'DNOH��HOHPHQWL�SDUWLFLMH�VNXSD�$�VX�SRGVNXSRYL�$ � VNXSD�$�WDNYL�GD�YULMHGL��$ � ∩�$
 = O �
]D��L�≠�M��L���∪$ �  �$��9DåQR�MH�XRþLWL�GD�X�QDYHGHQRM�GHILQLFLML��$ � SRQHNDG�SUHGVWDYOMD�VNXS��D�
SRQHNDG�HOHPHQW��1DLPH��$ � MH�SRGVNXS�VNXSD�$��D�XMHGQR�HOHPHQW�VNXSD��Ø��$���
%XGXüL�GD�MH�SDUWLWLYQL�VNXS��3��$��VNXSD�$�VNXS�VYLK�SRGVNXSRYD�VNXSD�$��SDUWLFLMD��Ø�$��MH�
SRGVNXS�SDUWLWLYQRJ� VNXSD� �3� �$��� 6WRJD� VPR� GHILQLFLMX� SDUWLFLMH� VNXSD�PRJOL� LVND]DWL� L� QD�
GUXJL�QDþLQ��SRGVNXS�Ø�$���SDUWLWLYQRJ�VNXSD��3��$���MH�SDUWLFLMD�VNXSD�$�DNR�]D�VYDNL��D∈$�
SRVWRML�MHGDQ�L�VDPR�MHGDQ�HOHPHQW��;�∈�Ø�$���WDNDY�GD�MH��D�∈�;���
'DNOH��6NXS�Ø�$�⊂3�$���MH�SDUWLFLMD�VNXSD�$�DNR�]D��∀�D∈$��∃�;�∈�Ø�$���WDNDY�GD�MH��D∈;��
2þLWR��VNXS�UD]OLþLW�RG�SUD]QRJ��MHGQRþODQRJ�L�GYRþODQRJ�VNXSD��LPD�YLãH�UD]OLþLWLK�SDUWLFLMD��
�
3ULPMHU�����1DYHGLPR�QHNROLNR�SDUWLFLMD�VNXSD��$� �^�������`��
� Ø � �$�� �^^�`��^�`��^�``������Ø� �$�� �^^�`��^����``��
� Ø � �$�� �^^����`��^�``����������Ø� �$�� �^^����`��^�``��
3UYD�RG�WLK�SDUWLFLMD�MH�WURþODQL�VNXS��D�RVWDOH�VX�GYRþODQL�VNXSRYL��/DNR�VH�YLGL�GD�VX�WR�VYH�
PRJXüH�SDUWLFLMH�VNXSD�$��
�
3ULPMHU���� �6NXSRYL� �$ � SULND]DQL�QD�RYRP�9HQQ�(XOHURYRP�GLMDJUDPX��HOHPHQWL� VX� MHGQH�
SDUWLFLMH�VNXSD�$��RGQRVQR��Ø�$�� �^$ � ��$ � ��$ � ��$ � ��$  `��

�
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3ULPMHU�����1DYHGLPR�QHNROLNR�SDUWLFLMD�VNXSD�VWXGHQDWD�QHNRJ�IDNXOWHWD��SDUWLFLMD�RGUH HQD�
VSRORP��SDUWLFLMD�RGUH HQD�JRGLQRP� UR HQMD��SDUWLFLMD�RGUH HQD�PMHVHFRP� UR HQMD��SDUWLFLMD�
RGUH HQD�GDWXPRP�UR HQMD��LWG��
3UYD�RG�WLK�SDUWLFLMD�LPD�GYD�HOHPHQWD��3UYL�QMHQ�HOement je skup studenata muškog spola, a 

GUXJL� HOHPHQW� VNXS� VWXGHQDWD� åHQVNRJ� VSROD�� =DGQMD� RG� WLK� SDUWLFLMD� LPD� RQROLNR� SDUWLFLMD�
NROLNR� LPD� GDQD� X� JRGLQL�� 3UYL� QMHQ� HOHPHQW� þLQL� VNXS� VWXGHQDWD� UR HQLK� ��� VLMHþQMD�� GUXJL�
HOHPHQW�VWXGHQWL�UR HQL����VLMHþQMD��LWG��
�
'HILQLFLMD���1HND�VX�$�L�%�QHSUD]QL�VNXSRYL��'LUHNWQL�LOL�.DUWH]LMHY�XPQRåDN�VNXSRYD�$�L�
%�MH�VNXS��$�u�%��þLML�VX�HOHPHQWL�XUH HQL�SDURYL���D��E���JGMH�MH��D�∈�$��L��E�∈�%��
'DNOH�����$�×�%� �^�D��E��_�D�∈�$��E�∈�%`��
�
3UL� WRP� VH� SRG�XUH HQLP�SDURP� VPDWUD� GYRþODQL� VNXS�NRG�NRMHJ� VH� ]QD�NRML� MH� HOHPHQW� QD�
SUYRP�� D� NRML� QD� GUXJRP�PMHVWX� �WL� HOHPHQWL� ]RYX� VH� NRPSRQHQWH� LOL� NRRUGLQDWH� XUH HQRJ�
SDUD���
'DNOH��]D�XUH HQH�SDURYH�YULMHGL����D��E�� ��F��G���⇔��D� �F�	�E� �G���L�RSüHQLWR���D��E��≠��E��D���
6MHWLPR�VH�GD�]D�VNXSRYH�YULMHGL��^D��E`� �^E��D`��
,]�QDYHGHQH�GHILQLFLMH�VOLMHGL��$�×�%�≠�%�×�$��
�
3RVHEQR�MH�YDåDQ�VOXþDM�NDGD�MH��$� �%��WM��.DUWH]LMHY�XPQRåDN�VNXSD�$�VD�VDPLP�VRERP��7DM�
VNXS��$�×�$��R]QDþDYD�VH�VD��$ � L�]RYH��NYDGUDW�VNXSD�$��
'DNOH���$�×�$� �$� � ��^�D��E��_�D��E�∈�$`��
1SU��1�  �1�×�1� �^�D��E��_��D��E�∈�1} = {(1,1), (1,2), … , (11,231), … }.�
� �
$QDORJQR�VH�GHILQLUD�.DUWH]LMHY�XPQRåDN�WUL�VNXSD����
$ � �×�$� �×$ �  �^�D � ��D� ��D � �� _�D � ∈�$ � ��D � ∈�$��� D � ∈�$ � `���HOHPHQWL�WRJ�VNXSD�]RYX�VH�XUH HQH�
WURMNH���RGQRVQR�SURL]YROMQRJ�NRQDþQRJ�EURMD�VNXSRYD���
$ � �×�$ � �× …   ×�$	  �^�D � ��D � ,… ,a	 ��_�D � ∈�$ � ��D � ∈�$2, … , D	 ∈�$ 	 `���(OHPHQWL��D � ��D � ,… ,a 	 ��]RYX�
VH�XUH HQH�Q�WRUNH�HOHPHQDWD��þLWD�VH��HQWRUNH���
�
3ULPMHU�����$NR�MH��$� �^�������`��D��%� �^D��E`��RQGD�MH�
� $�×�%� �^���D������D������D������E������E������E�`��
� %�×�$� �^�D������D������D������E������E������E���`��



� ���

� $�×�$� �$� � �^������������������������������������������������������������`��
� %×�% �% �  �^�D��D����D��E����E��D����E��E�`��
�
3ULPMHU���� �$NR� MH�X� UDYQLQL�]DGDQ�SUDYRNXWQL� NRRUGLQDWQL� VXVWDY�� VNXS�1� SUHGVWDYOMD�VYH�
WRþNH�X�SUYRP�NYDGUDQWX�V�FMHOREURMQLP�NRRUGLQDWDPD��$QDORJQR��VNXS� �= � SUHGVWDYOMD�VYH�
WRþNH�UDYQLQH�V�FMHOREURMQLP�NRRUGLQDWDPD��D�VNXS��5� SUHGVWDYOMD�VYH�WRþNH�UDYQLQH��NDVQLMH�
üHPR� SRND]DWL� GD� L]PH X� VNXSD�5� L� VNXSD� WRþDND� UDYQLQH� SRVWRML� SUHVOLNDYDQMH� NRMH� MH�
ELMHNFLMD���
�
3ULPMHU� ��� � 2]QDNH� QD� XOD]QLFDPD� ]D� NLQR� GYRUDQX� PRåHPR� SURPDWUDWL� NDR� HOHPHQWH�
Kartezijevog umnoška skupa redova i skupa sjedala u redu: (I,1), (III,5), (X,12), … �
�
=DGDWDN���2GUHGL�HNVSOLFLWH�VNXSRYH��
6� �^�[��\��∈�1 � _�[ � ��\ �  ��`��
7 �^�[��\��∈�1 � _�[ � ��\ � ≤��`��
8 �^�[��\��∈�= � _�[ � ��\ �  ��`��
Rješenje:�
� 6� �^��������������`��
�
� 7� �^��������������������������������������������������������������������������������������������
� �������������������`��
�
� �8� �^���������������������������������������������������������������������������������������������
� �����������������`���
�
*HRPHWULMVNL�� VNXS� 6� MH� VNXS� WRþDND� V� FMHOREURMQLP� SR]LWLYQLP� NRRUGLQDWDPD� NRMH� OHåH� QD�
]DGDQRM�NUXåQLFL��VNXS�7�MH�VNXS�WRþDND�V�FMHOREURMQLP�SR]LWLYQLP�NRRUGLQDWDPD�NRMH�OHåH�QD�
WRM�NUXåQLFL�LOL�XQXWDU�QMH��D�VNXS�8�MH�VNXS�WRþDND�V�FMHOREURMQLP�NRRUGLQDWDPD�NRMH�OHåH�QD�
WRM�NUXåQLFL�LOL�XQXWDU�QMH��
�
�
�
�
�
�
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���6.83�35,52'1,+�%52-(9$�
�
9Hü� SULMH� RVQRYQH� ãNROH� XSR]QDOL� VPR� VH� VD� QDMMHGQRVWDYQLMLP� EURMHYLPD�� 8� JRGLQL� LPD�
GYDQDHVW� PMHVHFL�� ,YR� LPD� GYD� EUDWD� L� MHGQX� VHVWUX�� 8� UD]UHGX� LPD� WULGHVHW� L� ãHVW� XþHQLND��
%URMHYL� ���� ��� ��� ��� NRML� VX� VH� SRMDYLOL� X� WLP� UHþHQLFDPD� ]RYX� VH� SULURGQL� EURMHYL�� 1MLK�
NRULVWLPR�SUL�SUHEURMDYDQMX�UD]QLK�REMHNDWD�L]�QDãH�RNROLQH��=DWR�VH�PRåH�UHüL�GD�SULURGQL�EURM�
LVND]XMH�NROLNR�QHNL�QHSUD]DQ�VNXS�LPD�HOHPHQDWD��6NXS�VYLK�SULURGQLK�EURMHYD�R]QDþDYD�VH�
VORYRP�1��'DNOH��

1� �{ }!! ,1,,,3,2,1 +nn ��
�
�
1DYHGLPR�RVQRYQD�VYRMVWYD�WRJ�VNXSD��
�
��� 6YDNL�SULURGQL�EURM�LPD�VYRJ�VOMHGEHQLND��QSU�����MH�VOMHGEHQLN�EURMD���������MH�VOMHGEHQLN�

EURMD������L�VYDNL�SULURGQL�EURM��RVLP�EURMD����VOMHGEHQLN�MH�QHNRJ�SULURGQRJ�EURMD��L]�WRJD�
VOLMHGL�SRVHEQD�XORJD�EURMD���X�VNXSX�1���

�
��� 6NXS�1�MH�EHVNRQDþDQ�VNXS��
�
��� 1D�VNXSX�1�GHILQLUDQH�VX�GYLMH�ELQDUQH� LOL� UDþXQVNH�RSHUDFLMH��WM��SUHVOLNDYDQMH�L]�VNXSD�

1×1�X�VNXS�1���
]EUDMDQMH�������1×1� �1����QSU����������� ����������� ������

������SULEURMQLFL��������]EURM�
������

�PQRåHQMH��Â���1×1� �1����QSU��Â������� ����Â����� �������
���IDNWRUL���������XPQRåDN�

�
=D�D��E��F�∈ �1�WH�RSHUDFLMH�LPDMX�VOMHGHüD�VYRMVWYD��

��� abba +=+ ����������������������]DNRQ�NRPXWDWLYQRVWL�]D�]EUDMDQMH��
��� cbacba ++=++ )()( �����]DNRQ�DVRFLMDWLYQRVWL�]D�]EUDMDQMH��
��� abba ⋅=⋅ �������������������������]DNRQ�NRPXWDWLYQRVWL�]D�PQRåHQMH��
��� cbacba ⋅⋅=⋅⋅ )()( ������������]DNRQ�DVRFLMDWLYQRVWL�]D�PQRåHQMH��
��� cabacba ⋅+⋅=+⋅ )( �������]DNRQ�GLVWULEXWLYQRVWL��
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��� $NR�]D��D��E∈ �1�YULMHGL�� bxa =+ �JGMH�MH��[∈ �1��RQGD�VH�NDåH�GD�MH�E�YHüL�RG�D i piše E!D�
LOL��D�E��
2þLWR�MH�GD�YULMHGL�� "" <+<<<< 121 nn ��D�WR�]QDþL�GD�VNXS�1�LPD�QDMPDQML�HOHPHQW�
�WR�MH�EURM�����D�QHPD�QDMYHüL�HOHPHQW��
�

��� $NR�MH�D∈ �1��RQGD�VH�EURMHYL�REOLND�� !! ,,,3,2, naaaa �]RYX�višekratnici�EURMD�D��1SU��
višekratnici broja 8 su brojevi 8, 16, 24, ...�
�

$NR� MH�D∈ �1�� RQGD� VH� EURMHYL� REOLND� � !! ,,,,, 32 naaaa � ]RYX�SRWHQFLMH� EURMD� D�� 3UL� WRP�
YULMHGL�� ,,, 321 aaaaaaaaa ⋅⋅=⋅== � LWG��.RG�SRWHQFLMH� na �� EURM�D� VH�]RYH�ED]D�� D�EURM�Q�
HNVSRQHQW�SRWHQFLMH��
/DNR�VH�SURYMHUL�GD�YULMHGH�VOMHGHüH�MHGQDNRVWL�]D�D��E��P��Q∈ �1��

nmnm aaa +=⋅ ��
( ) nmnm aa ⋅= ��

mmm baba )( ⋅=⋅ ��
222 2)( bababa ++=+ ��

32233 33)( babbaaba +++=+ ��
�

��� 3ULURGQL�EURM�E�GMHOMLY�MH�SULURGQLP�EURMHP�D�DNR�MH�E višekratnik od�D��WM��DNR�SRVWRML��
N∈ �1�WDNDY�GD�MH�� akb ⋅= ��7DGD�VH�MRã�NDåH�GD�MH�D�PMHUD�RG�E�LOL�D�GLMHOL�E i piše  D�_�E��

�
3ULPMHU�����_���MHU�MH� 3721 ⋅= . Još se piše ������������������������ ��������

����������������GMHOMHQLN�������GMHOLWHOM���������NROLþQLN�
� � � � � ���������������GLYLGHQG�������GLYL]RU���������NYRFLMHQW��
� � � � � �
$NR�D�QH�GLMHOL�E piše se  D�á�E��
�
3ULPMHU������á����MHU�QH�SRVWRML��N∈ �1�WDNDY�GD�MH�� 320 ⋅= k ��
�
'DNOH��]D�SURL]YROMQH�SULURGQH�EURMHYH�D�L�E�YULMHGL��D�_�E��LOL��D�á�E��WM��GLMHOMHQMH�QLMH�XYLMHN�
L]YHGLYR�X�VNXSX�1��
�
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��� 3ULURGQL�EURM� � 1≠n � MH�SURVW� LOL�SULP�EURM� DNR� L]� �D� _�Q� �VOLMHGL�GD� MH� � 1=a � � LOL� na = ��
3ULURGQL�EURM� � � 1≠n � MH�VORåHQ�EURM�DNR�QLMH�SURVW�EURM��'UXJLP�ULMHþLPD�� 1≠n � MH�SURVW�
EURM�DNR�MH�GMHOMLY�VDPR�V�EURMHP��� L�VD�VDPLP�VRERP��WM��DNR� LPD�WRþQR���GMHOLWHOMD���D�
VORåHQ�DNR�LPD�YLãH�RG���GMHOLWHOMD��
3UYLK�QHNROLNR�SURVWLK�EURMHYD�VX��������������������������������� ����0RåH�VH�SRND]DWL�GD�
SURVWLK� EURMHYD� LPD� EHVNRQDþQR� PQRJR�� 6YDNL� VH� VORåHQL� EURM� PRåH� SULND]DWL� NDR�
XPQRåDN�SURVWLK�EURMHYD��
�
3ULPMHU���� 1173269322138622772 22 ⋅⋅⋅==⋅⋅=⋅= " ��
�
'DNOH��SURVWL�EURMHYL�VX�QD�QHNL�QDþLQ�RSHNH�RG�NRMLK�VX�VDVWDYOMHQL�VYL�SULURGQL�EURMHYL��
�

��� =DMHGQLþND�PMHUD�SULURGQLK�EURMHYD�D�L�E�MH�SULURGDQ�EURM�G�NRML�MH�GMHOLWHOM�RED�EURMD�D�L�E��
WM�� �G� _�D� � L� �G� _�E��1DMYHüL� WDNDY�EURM�]RYH�VH�QDMYHüD�]DMHGQLþND�PMHUD�EURMHYD�D� L�E� L�
R]QDþDYD��0�D��E���

�
3ULPMHU���0�������� ����0���������� �����0�������� ����
�
$NR�MH�0�D��E�� ����WDGD�NDåHPR�GD�VX�EURMHYL�D�L�E�UHODWLYQR�SURVWL���
�
=DMHGQLþNL� YLãHNUDWQLN� SULURGQLK� EURMHYD�D� L�E� MH�SULURGDQ�EURM�F koji je višekratnik oba 

EURMD�D� L�E�� RGQRVQR� �D� _�F� � L� �E� _�F��1DMPDQML� WDNDY�EURM� ]RYH� VH�QDMPDQML� ]DMHGQLþNL�
višekratnik EURMHYD�D�L�E�L�R]QDþDYD��Y�D��E���
�
3ULPMHU���Y��������� �����Y����������� �������Y��������� ������
�
9ULMHGL�WHRUHP��� babavbaM ⋅=⋅ ),(),( ��
�

��� %XGXüL�GD�SULURGQLK�EURMHYD�LPD�EHVNRQDþQR�PQRJR��SRWUHEQR�MH�XYHVWL�HNRQRPLþDQ�QDþLQ�
QMLKRYD�]DSLVLYDQMD� L� LPHQRYDQMD��6WDUL�5LPOMDQL�]DSLVLYDOL� VX� LK�RYDNR��,�� ,,�� ,,,�� ,9��9��
… , X, … , L, … , C, … , D, … , M,…  Tako je na primjer MCMXCII zapis broja 1992. 

9LGLPR�GD�MH�WDM�QDþLQ�GRVWD�QH]JUDSDQ�L�RJUDQLþHQ��'DQDãQML�QDþLQ�]DSLVLYDQMD�EURMHYD�MH�
LQGLMVNR�DUDSVNRJ�SRULMHNOD�L�VSDGD�X�QDMYDåQLMH�SURQDODVNH�X�SRYLMHVWL�þRYMHþDQVWYD��7DM�



� ���

QDþLQ�]RYH�VH�SR]LFLRQL�EURMHYQL�VXVWDY��D�VDVWRML�VH�VDPR�RG�QHNROLNR�EURMHYQLK�]QDNRYD�
�]QDPHQDND�� L� QD]LYD�� 6YDND� ]QDPHQND� X� WRP� VXVWDYX� LPD� VYRMX� EURMHYQX� L� PMHVQX�
�SR]LFLRQX��YULMHGQRVW��

�
8�VYDNRGQHYQRP�åLYRWX�SULURGQH�EURMHYH�]DSLVXMHPR�X�VXVWDYX�NRMHPX�MH�ED]D�E� �����
7DM�VXVWDY�]RYH�VH�GHNDGVNL�LOL�GHFLPDOQL�VXVWDY�L�LPD�]QDPHQNH���������������������������L�
��� D� þLMD� VL� LPHQD� QXOD�� MHGDQ�� GYD�� «�� GHYHW�� 8� WRP� VXVWDYX� MH� ����� ]DSLV� EURMD�

18102101103 123 ⋅+⋅+⋅+⋅ ��D�LPH�PX�MH�WUL�WLVXüH�VWR�GYDGHVHW�RVDP��
�
$NR� MH�ED]D�VXVWDYD�E� ����EURMHYQL� VXVWDY�]RYH�VH�ELQDUQL� LOL�GLMDGVNL��7DM�VXVWDY� LPD�
VDPR�GYLMH�]QDPHQNH�L�WR���L����8�WRP�VXVWDYX�]DSLV�SUYLK�GHVHW�SULURGQLK�EURMHYD�MH�����
����������������������������������������������
�
3ULPMHU�� � 1028202120211010 0123 =+=⋅+⋅+⋅+⋅= �� D� ��������� MH� ELQDUQL� ]DSLV�
EURMD�� 2112121202021202121 01234567 =⋅+⋅+⋅+⋅+⋅+⋅+⋅+⋅ ��
�
,]�QDYHGHQRJ�VOLMHGL��ãWR�MH�ED]D�VXVWDYD�YHüD��sustav ima više znamenaka, a zapis broja je 

NUDüL�L�REUQXWR��
�
1DSRPHQLPR�GD�VYL�UDþXQVNL�VWURMHYL�UDGH�X�ELQDUQRP�VXVWDYX�MHU�MH�SRPRüX�HOHNWULþQLK�
VNORSRYD�ODNR�UHDOL]LUDWL�GYD�]QDND��WHþH�QH�WHþH��XNOMXþHQR�LVNOMXþHQR���
�

�
�
�
�
�
�
�
�
�
�
�
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���6.83�&,-(/,+�%52-(9$�
�

3URPRWULPR� MHGQRVWDYQX� OLQHDUQX� MHGQDGåEX� REOLND� � xba += �� JGMH� VX� � D�� E∈ � 1�� QSU��
,511 x+= � x+= 77 �� x+= 94 �� 9LGLPR� GD� MHGQDGåED� WRJ� REOLND� LPD� UMHãHQMH� X� VNXSX�

SULURGQLK�EURMHYD�1�MHGLQR�X�VOXþDMX�NDG�MH�D!E��'D�OL�SURPDWUDQD�MHGQDGåED�LPDOD�UMHãHQMH�]D�
VYDNL�L]ERU�EURMHYD��D��E∈ �1, uvodimo nove brojeve, odnosno pojam broja proširujemo.�

�
%URM����QXOD��GHILQLUD�VH�NDR�UMHãHQMH�MHGQDGåEH�� xnn += ��'DNOH�� 0+= nn �LOL�� xnn += �⇒ ��

0=x ��.DåH�VH�GD�MH���QHXWUDOQL�HOHPHQW�]D�]EUDMDQMH��
�

1HJDWLYQL� FLMHOL� EURM� � n− � GHILQLUD� VH� NDR� UMHãHQMH� MHGQDGåEH� � xn +=0 �� Q∈ �1�� 'DNOH��
)(0 nn −+= �LOL�� xn +=0 �⇒ � nx −= ��

�
6NXS�QHJDWLYQLK�FLMHOLK�EURMHYD�R]QDþDYDPR�VD���1��RGQRVQR�

�1� { } { }!! ,1,,,3,2,1| −−−−−−=∈−= nnNnn ��
�

6DGD�PRåHPR�GHILQLUDWL�VNXS�FLMHOLK�EURMHYD��NRMHJ�R]QDþDYDPR�=��NDR�XQLMX�VNXSD�1��VNXSD��
�1�L�VNXSD�^�`��

=� ��1�∪ ^�`∪1� �{ } { }!!! ,2,1,0,1,2,,2,2,1,1,0 −−=−− ���
�
2þLWR�MH��1⊂ �=��D�SULURGQL�EURMHYL�]RYX�VH�L�SR]LWLYQL�FLMHOL�EURMHYL��
�
,]�QDYHGHQRJ�VOLMHGL�GD�MHGQDGåED�� xba += ��JGMH�VX���D��E∈ �1��D�NRMX�VPR�QDYHOL�QD�SRþHWNX�
ovog razmatranja ima rješenje u skupu cijelih brojeva =�]D�VYDNL�L]ERU�EURMHYD��D��E∈1��
�
3ULPMHU��� 077 =⇒+= xx ��� 59494 −=⇒−=⇒+= xxx ��
�
7H�MHGQDGåEH�LPDMX�UMHãHQMH�L�]D�VYDNL�L]ERU�EURMHYD��D��E∈ �=��
�
3ULPMHU��� 1147)4(747 =⇒+=⇒−−=⇒+−= xxxx ��
� ���� 3423112311 −=⇒−−=⇒+=− xxx ��
�
�
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6DGD�NDGD�VPR�GHILQLUDOL�VNXS�=��QDYHGLPR�QMHJRYD�VYRMVWYD��
�
��� 6NXS�=�PRåH� VH�SULND]DWL�QD�EURMHYQRP�SUDYFX�NDR�QL]�HNYLGLVWDQWQLK� WRþDND��%URMHYQL�

SUDYDF�MH�SUDYDF�QD�NRMHPX�VX�RGDEUDQH�GYLMH�WRþNH�NRMH�RGUH XMX�MHGLQLþQX�GXåLQX��$NR�
SUYX�RG�WLK�WRþDND�R]QDþLPR�VD����D�GUXJX�VD����WDGD�MH�VYDNRP�FLMHORP�EURMX�SULGUXåHQD�
MHGQD�WRþND�EURMHYQRJ�SUDYFD��

�

�
7R�GDOMH�]QDþL�GD�VNXS�=�QHPD�QL�QDMPDQML�QL�QDMYHüL�HOHPHQW�� WH�GD�VH�L]PH X�ELOR�
NRMD�GYD�FLMHOD�EURMD�QDOD]L�VDPR�NRQDþQR�PQRJR�FLMHOLK�EURMHYD��6WRJD�VH�NDåH�GD�MH�
VNXS�=�GLVNUHWDQ�VNXS��D�QLMH�JXVW�VNXS��

�
�
��� ,�QD�VNXSX�=�GHILQLUDQH�VX�UDþXQVNH�LOL�ELQDUQH�RSHUDFLMH�� :+ Z×Z → �=��L��Â���Z×Z → �=���

]EUDMDQMH�L�PQRåHQMH��L�RQH�LPDMX�LVWD�VYRMVWYD�NDR�L�QD�VNXSX�1��
�

9ULMHGL�WHRUHP���

.)()(
;)()(

;00
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);()()(

baba

bababa

a

aa

baba

⋅=−⋅−
⋅−=−⋅=⋅−

=⋅
=−−

+−=−+−

�

�
��� 7HRUHP�R�GLMHOMHQMX��$NR� VX�D� L�E� FLMHOL� EURMHYL� L� E!��� RQGD� VX� MHGQR]QDþQR�RGUH HQL�

FLMHOL�EURMHYL�T�L�U�WDNYL�GD�MH�� ,rbqa +⋅= � br <≤0 ��
%URM�U�]RYH�VH�RVWDWDN�SUL�GLMHOMHQMX�EURMD�D�V�EURMHP�E��$NR�MH�U� ����RQGD�E�GLMHOL�D��
�
3ULPMHU��=D�EURMHYH��D� ������E� ����ODNR�VH�SURYMHUL�GD�MH�T� ����U� �����

���1DLPH��YULMHGL�� 11167123 +⋅= ��
�
�
�
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�
6NXS��1� �{ }!! ,,,3,2,1 n  proširili smo na skup  =� �{ }!,2,2,1,1,0 −− �]DKWMHYRP�GD�MHGQDGåED��

axb =+  ima rješenje za svaki izbor brojeva  D��E∈ �1��3URPRWULPR�VDGD�MHGQDGåEH�REOLND��
axb =⋅ �� JGMH� VX� � D�� E∈ � =� � L� � 0≠b �� 1SU�� 6

3
18

183 −=⇒−=⇒−= xxx �� GDNOH� QMHQR�
rješenje je  [� �����MHU�]DLVWD�YULMHGL�� 18)6(3 −=−⋅ ���GRN�MHGQDGåED�� 53 =x  nema rješenja u 

VNXSX�=�MHU�QH�SRVWRML�FLMHOL�EURM�NRML�SRPQRåHQ�V�EURMHP���GDMH�EURM����'D�EL��RYX�MHGQDGåEX�
mogli riješiti primorani smo pRMDP� EURMD� SURãLULWL� XYR HQMHP� UD]ORPND� LOL� NYRFLMHQWD�
GHILQLUDQRJ�VD��

abx
b
a

x =⇔= ����� )0( ≠b ��
,]�RYH�GHILQLFLMH� L�þLQMHQLFH�GD� VH� MHGQDGåED� � abx = � � QH�PLMHQMD�PQRåHQMHP�QMHQH� OLMHYH� L�
GHVQH�VWUDQH�LVWLP�EURMHP�UD]OLþLWLP�RG�QXOH��VOLMHGL�GHILQLFLMD�MHGQDNRVWL�GYDMX�UD]ORPDND��

bcad
d
c

b
a =⇔= ��

6NXS�VYLK�UD]ORPDND�]RYH�VH�VNXS�UDFLRQDOQLK�EURMHYD�L�R]QDþDYD�VD�4��
4� �^ ∈ba

b
a

,| =�L� 0≠b `��

%XGXüL�GD�]D�FLMHOL�EURM��D∈ �=��YULMHGL�� ∈==
b
aba

a
1

4��VNXS�=�MH�SRGVNXS�VNXSD�4��RGQRVQR�
1⊂=⊂4��
1D�VNXSX�4�GHILQLUDQH�VX�WDNR HU�RSHUDFLMH�]EUDMDQMD��PQRåHQMD�L�GLMHOMHQMD�QD�VOLMHGHüL�QDþLQ��
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6NXS�4�PRåH�VH�SULND]DWL�NDR�XQLMD�WUL�PH XVREQR�GLVMXQNWQD�VNXSD��

4� �4 � ∪ �4 � ∪ ^�`��
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6NXS�4�VH�WDNR HU�PRåH�SULND]DWL�QD�EURMHYQRP�SUDYFX��

����������������������������������� �
����QD�VOLFL�MH�SULND]DQD�NRQVWUXNFLMD�NRMRP�VPR�GRãOL�GR�WRþNH�SULGUXåHQH�EURMX�

3
1 ��

7R� ]QDþL� GD� VYDNRP� UDFLRQDOQRP�EURMX�T∈4� � SULSDGD� MHGQD� WRþND�EURMHYQRJ�SUDYFD��'D� OL�
YULMHGL� L� REUDWQR�� GD� OL� VYDNRM� WRþNL�EURMHYQRJ�SUDYFD� SULSDGD� MHGDQ� UDFLRQDODQ�EURM"�9LGMHW�
üHPR�GD� WR� QH� YULMHGL��/DNR� VH�PRåH�SRND]DWL� GD� L]PH X�ELOR�NRMD� GYD� UD]OLþLWD� UDFLRQDOQD�
EURMD�SRVWRML�UDFLRQDODQ�EURM��1HND�VX�� ∈21 , qq 4��L�� 21 qq < ��,]PH X�EURMHYD�� 1q �L�� 2q �QDOD]L�
VH�EURM��

2
21 qq + ��WR�MH�QMLKRYD�DULWPHWLþND�VUHGLQD���

,� L]PH X�EURMHYD� � 1q � L� �
2

21 qq + �VH�QDOD]L�QMLKRYD�DULWPHWLþND�VUHGLQD�� LWG��%XGXüL�GD�VH� WR�
]DNOMXþLYDQMH� PRåH� SRQDYOMDWL� EHVNRQDþQR� PQRJR� SXWD�� VOLMHGL� GD� L]PH X� ELOR� NRMD� GYD�
UDFLRQDOQD�EURMD�SRVWRML�EHVNRQDþQR�PQRJR�UDFLRQDOQLK�EURMHYD��6WRJD�VH�NDåH�GD�MH�VNXS�4�
JXVW�VNXS��D�QLMH�GLVNUHWDQ���,]�WRJD�GDOMH�VOLMHGL�GD�UDFLRQDODQ�EURM�QHPD�VYRJ�QHSRVUHGQRJ�
SUHWKRGQLND�QL�VOMHGEHQLND��
6YDNL�UDFLRQDOQL�EURM� �

b
a

q = � �PRåH�VH�GLMHOMHQMHP�EURMQLND�V�QD]LYQLNRP�SULND]DWL�X�REOLNX�

GHFLPDOQRJ� EURMD�� 1SU�� 06.2
50

103 = �� 18.0181818.0
11
2 == ! �� � 183.131818.1

22
29 == ! ��

9LGLPR� GD� MH� VYDNL� UDFLRQDOQL� EURM� LOL� NRQDþQL� GHFLPDOQL� EURM� LOL� EHVNRQDþQL� SHULRGLþNL�
GHFLPDOQL� EURM�� 9ULMHGL� L� REUDWQR�� VYDNL� WDNDY� GHFLPDOQL� EURM� PRåH� VH� SULND]DWL� X� REOLNX�
UD]ORPND��1SU�� ∈=

495
1403

348.2 4��
�
� �

1q ���
2

21 qq + ���� 2q �����������
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9LGMHOL� VPR�GD� VX� UDFLRQDOQL� EURMHYL� LOL� NRQDþQL�GHFLPDOQL�EURMHYL� LOL� EHVNRQDþQL� SHULRGLþNL�
GHFLPDOQL�EURMHYL��6DGD�VH�PRåHPR�XSLWDWL�ãWR�VX�EHVNRQDþQL�QHSHULRGLþQL�GHFLPDOQL�EURMHYL��
QSU��EURM������������«��LOL�EURM�� � ���������«��MDYOMD�VH�NRG�UDþXQDQMD�RSVHJD�LOL�SRYUãLQH�
NUXJD�� LOL� EURM� � H� = 2.718281828…  (uzima se kao baza eksponeQFLMDOQH� L� ORJDULWDPVNH�
IXQNFLMH��� 3UHPD� SUHWKRGQRP�� RQL� QLVX� UD]ORPFL� RGQRVQR� UDFLRQDOQL� EURMHYL�� D� WR� ]QDþL� GD�
SRVWRMH�EURMHYL�NRML�QLVX�UDFLRQDOQL��3ULPMHU�WDNYRJ�EURMD�MH�L�EURM�� 2 ��WM��EURM�VD�VYRMVWYRP��
( ) 22

2
= �� 0RåH� VH� SRND]DWL�� 2 = 1.41421… ∉4�� 7D� QDP� þLQMHQLFD� RPRJXüDYD� GD�

JHRPHWULMVNRP� NRQVWUXNFLMRP� GR HPR� GR� WRþNH� QD� EURMHYQRP� SUDYFX� NRMD� QLMH� SULGUXåHQD�
QLMHGQRP�UDFLRQDOQRP�EURMX��

�
�
,VWR�YULMHGL� L�]D�EURM� � 3 � ��������«�'DNOH�� LDNR� WRþNH�SULGUXåHQH�UDFLRQDOQLP�EURMHYLPD�
OHåH�JXVWR�QD�EURMHYQRP�SUDYFX��RQH� LSDN�QLVX�VYH�QMHJRYH� WRþNH��3RVWRMH� L�GUXJH� WRþNH��]D�
NRMH�NDåHPR�GD� SULSDGDMX� VNXSX� LUDFLRQDOQLK�EURMHYD� ,��3RQRYLPR�� LUDFLRQDOQL� EURMHYL� VX�
EHVNRQDþQL�QHSHULRGLþQL�GHFLPDOQL�EURMHYL�� .,,2,3,2 3 eπ �
8QLMD�VNXSD�UDFLRQDOQLK�L�VNXSD�LUDFLRQDOQLK�EURMHYD�]RYH�VH�VNXS�UHDOQLK�EURMHYD�L�R]QDþDYD�
VD�5��'DNOH���

5� �4�∪ ,���4�∩ �, = O��
9ULMHGL��VYDNRP�UHDOQRP�EURMX�SULGUXåHQD�MH�MHGQD�WRþND�EURMHYQRJ�SUDYFD�L�REUDWQR��VYDNRM�
WRþNL�EURMHYQRJ�SUDYFD�SULGUXåHQ�MH�MHGDQ�UHDODQ�EURM��7R�]QDþL�GD� L]PH X�VNXSD�5� L�VNXSD�
WRþDND�EURMHYQRJ�SUDYFD�SRVWRML�SUHVOLNDYDQMH�NRMH�MH�ELMHNFLMD��
6NXS�5�LPD�IXQGDPHQWDOQR�]QDþHQMH�X�W]Y��YLãRM�PDWHPDWLFL��
9ULMHGL���

1⊂=⊂4⊂5�

2���������������������������(����������������������
� � � S�

2

2

��

��
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3URPRWULPR� MHGQDGåEX� � 022 =−x . Njena rješenja su brojevi  2 � L� � � 2 �� 7R� VX�
LUDFLRQDOQL�EURMHYL��D�QH�UDFLRQDOQL�EURMHYL��ãWR�]QDþL�GD�WD�MHGQDGåED�QHPD�UMHãHQMD�X�VNXSX�
UDFLRQDOQLK�EURMHYD�4, a ima rješenje u skupu realnih brojeva  5� �4�∪ ,���

�
3URPRWULPR�VDGD�MHGQDGåEX�� 022 =+x ��2YD�MHGQDGåED�QHPD�UMHãHQMD�X�VNXSX�5��MHU�

MH� NYDGUDW� VYDNRJ� UHDOQRJ� EURMD� QHQHJDWLYDQ� EURM�� SD� QH� SRVWRML� UHDODQ� EURM� [� WDNDY� GD� MH�
22 −=x ��'D�EL� VH�GRãOR�GR�UMHãHQMD�RYH� MHGQDGåEH��SRMDP�EURMD�RGQRVQR�VNXS�EURMHYD�VH� L�

GDOMH�SURãLUXMH�XYR HQMHP�EURMD� L�� NRMHJ�]RYHPR� LPDJLQDUQD� MHGLQLFD�� D�NRML�SR�GRJRYRUX�
LPD�VYRMVWYR�GD�MH�QMHJRY�NYDGUDW�EURM�������

12 −=i ��
3RPRüX� EURMD� L� L]JUD XMHPR� EURMHYH� REOLND� � biaz += �� JGMH� VX� � ∈ba, 5�� D� NRMH� ]RYHPR�
NRPSOHNVQL�EURMHYL��
6NXS���&� �^ biaz += _� ∈ba, 5`��QD]LYD�VH�VNXS�NRPSOHNVQLK�EURMHYD��
�
%XGXüL�GD� ]D� ∈a 5� � YULMHGL� ∈+= iaa 0 &�� VYDNL� UHDOQL�EURM� MH� L� NRPSOHNVQL�EURM�SD�YULMHGL�
5⊂&��'DNOH��YULMHGL��

1⊂=⊂4⊂5⊂&��
�

*RUH� SURPDWUDQD� MHGQDGåED� � 022 =+x  ima rješenja (korijene) u skupu &�� 7R� VX� EURMHYL��
ix 21 += �� ix 22 −= ��

�
6YDND�NYDGUDWQD�MHGQDGåED�� WM�� MHGQDGåED�REOLND� � 02 =++ cbxax , ima dva rješenja koji su 

NRPSOHNVQL�EURMHYL��WL�EURMHYL�PRJX�ELWL�UHDOQL��DOL�QH�PRUDMX���
�
�
�
�
�

�
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��� /,1($51(�-('1$'ä%(�6�-('120�1(32=1$1,&20�
�
$NR� VX� GYD�PDWHPDWLþND� L]UD]D� MHGQDND� VDPR� ]D� QHNH� YULMHGQRVWL� RSüLK� EURMHYD� NRML� VH� X�
QMLPD�SRMDYOMXMX�� L� WH�YULMHGQRVWL� WUHED�RGUHGLWL�� WD�RGUHGEHQD�MHGQDNRVW� ]RYH� VH� MHGQDGåED��
2SüL�EURMHYL�NRML�VH�X�MHGQDGåEL�SRMDYOMXMX�]RYX�VH�QHSR]QDQLFH�L�RELþQR�VH�R]QDþDYDMX�VD�[��
\��]��LWG��
5LMHãLWL�MHGQDGåEX�]QDþL�QDüL�VYH�YULMHGQRVWL�QHSR]QDQLFH�NRMH�]DGRYROMDYDMX�MHGQDNRVW��7H�
YULMHGQRVWL� QHSR]QDQLFD� ]RYX� VH� rješenja� LOL� NRULMHQL� MHGQDGåEH�� 2SüL� REOLN� MHGQDGåEH� V�
MHGQRP�QHSR]QDQLFRP�MH��

)()( xBxA
strana
desna

strana
lijeva

= ��

2GUHGLPR�EURM�[�]D�NRML�YULMHGL�� 284 =⋅ x ��7UDåHQL�EURM�MH�� 7=x ��-HGQDGåED� 284 =⋅ x �]RYH�
VH�OLQHDUQD�MHGQDGåED�V�MHGQRP�QHSR]QDQLFRP���
�
2SüL�REOLN�OLQHDUQH�MHGQDGåEH�V�MHGQRP�QHSR]QDQLFRP�MH� bax = ���JGMH�VX�� ∈ba, 5��GDNOH��
EURMHYL��D��E�VX�QHNH�NRQVWDQWH�–�]RYX�VH�NRHILFLMHQWL��D�[�VH�]RYH�QHSR]QDQLFD���

�
,� VYDND� GUXJD� MHGQDGåED� NRMD� VH� HOHPHQWDUQLP� WUDQVIRUPDFLMDPD�PRåH� VYHVWL� QD� MHGQDGåEX�
REOLND�� bax = �MH�OLQHDUQD�MHGQDGåED�V�MHGQRP�QHSR]QDQLFRP��QSU��

2
1

6
3

10
2 =+−− xx

 (rješenje 

MRM�MH�� 18−=x ���
�
0RJXüL�VX�RYL�VOXþDMHYL��

��� 0≠a . Rješenje je  
a
b

x = ��RYR�MH�QDMþHãüL�VOXþDM���
��� 0=a ��$NR�MH� 0=b ��LPDPR�� 00 =⋅ x , pa je rješenje svaki  ∈x 5���

$NR�MH� 0≠b ��LPDPR�� bx =⋅0 ��SD�MHGQDGåED�QHPD�UMHãHQMD��MHU�MH� 00 =⋅ x �]D�
VYDNL� � ∈x 5��SD� QH�PRåH� ELWL� � bx =⋅0 0≠ ���8� RYRP� VOXþDMX� NDåH� VH� GD� MH�
MHGQDGåED�QHPRJXüD��
�
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�
2SüL�REOLN�OLQHDUQH�MHGQDGåEH�V�GYLMH�QHSR]QDQLFH��

cbyax =+ ���� ∈cba ,, 5��
�

3ULPMHU�� 5=+ yx ���
5MHãHQMH�RYH�MHGQDGåEH�VX�EURMHYL��[� ����\� ����WM��XUH HQL�SDU�EURMHYD����������/DNR�VH�YLGL�GD�
VX�L�XUH HQL�SDURYL���������������������������«�WDNR HU�UMHãHQMD��D�WR�]QDþL�GD�RYD�MHGQDGåED�LPD�
EHVNRQDþQR�PQRJR� UMHãHQMD��$NR�RYX� MHGQDGåEX�QDSLãHPR�X� REOLNX� � 5+−= xy � YLGLPR�GD�
RQD� SUHGVWDYOMD� MHGQDGåEX� SUDYFD�� SD� VYDND� WRþND� WRJ� SUDYFD� SUHGVWDYOMD� MHGQR� UMHãHQMH�
MHGQDGåEH��

�
6YDND�MHGQDGåED�REOLND�� cbyax =+ � LPD�EHVNRQDþQR�PQRJR�UMHãHQMD��MHU� WROLNR� WRþDND� LPD�
SUDYDF���

�
�

$NR�MH��D� ����QSU����\� ����RQGD�MH�WDM�SUDYDF�SDUDOHODQ�V�RVL�DSVFLVD��D�DNR�MH��E� ����QSU���
[� �����SUDYDF�MH�SDUDOHODQ�V�RVL�RUGLQDWD��
�
�
�
�
�
�
�
�
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�
2SüL�REOLN�VXVWDYD�RG�GYLMH�OLQHDUQH�MHGQDGåEH�V�GYLMH�QHSR]QDQLFH�MH��

2222121

1212111

bxaxa

bxaxa

=+
=+ �

�
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7LP�SRVWXSNRP�]DGDQL�VXVWDY�VYRGLPR�QD�HNYLYDOHQWQL�VXVWDY�]D�NRML�VH�ODNR�YLGL�GD� OL� LPD�
rješenje, i ako ga ima kako ono izgleda.�
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Ovaj sustav je Cramerov, pa smo ga prije riješili Cramerovim pravilom: 
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Ovaj sustav ne bi  mogli riješiti Cramerovim pravilom jer sustav nije Cramerov (lako se vidi 
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3ULPMHU���� �6WDQHPR� OL�SUHG�QHNL� L]ORJ��RQGD�VYL�SUHGPHWL�X� L]ORJX�þLQH�VNXS� �;��D�QMLKRYH�
FLMHQH� VNXS� � <�� 6YDNRP� SUHGPHWX� � Xx∈ � SULGUXåHQ� MH� MHGDQ� HOHPHQW� VNXSD� � <�� QMHJRYD�
FLMHQD��7X� VH�GDNOH� UDGL�R� IXQNFLML� � I� � NRMD�SUHGPHWX� �[� �SULGUXåXMH� FLMHQX� � )(xf ��'DNOH��X�
L]ORJX� �LPDPR�� MHGQX� IXQNFLMX�� 'D� OL� X� WRP� L]ORJX� PRåHPR� YLGMHWL� MRã� NRMX� IXQNFLMX"�
0RåHPR��QSU��]HPOMD�SRULMHNOD�SURL]YRGD��JRGina proizvodnje, … �

�
�

3ULPMHU���� �1HND�MH� �;��VNXS�XþHQLND�QHNRJ�UD]UHGD�L� �<� �VNXS�VWROLFD�X� WRP�UD]UHGX��$NR�
VYDNRP�XþHQLNX�SULGUXåLPR�VWROLFX�QD�NRMRM�VMHGL��GHILQLUDOL�VPR�MHGQX�IXQNFLMX�L]��;��X��<��

�
�

'HILQLFLMD���
$��)XQNFLMD��I���;�→�<��]RYH�VH�VXUMHNFLMD�DNR�MH�VYDNL�HOHPHQW�NRGRPHQH�VOLND�MHGQRJ�LOL�
više elemenata domene, tj. �

DNR�]D�VYDNL�� Yy ∈ �SRVWRML�� Xx∈ �WDNDY�GD�MH�� yxf =)( ��
%�� )XQNFLMD� � I� ��;�→�<� � ]RYH� VH� LQMHNFLMD� � DNR� UD]OLþLWLP� HOHPHQWLPD�GRPHQH� SULGUXåXMH�
UD]OLþLWH�HOHPHQWH�NRGRPHQH��WM��

DNR�]D�VYDNL��� Xxx ∈21 , �YULMHGL�� )()( 2121 xfxfxx ≠⇒≠ ��
&���)XQNFLMD��I���;�→�<��]RYH�VH�LQMHNFLMD��DNR�MH�VXUMHNFLMD�L�LQMHNFLMD��

�
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VXUMHNFLMD�

QLMH�LQMHNFLMD�
QLMH�VXUMHNFLMD�
LQMHNFLMD�

ELMHNFLMD�

�
3LWDQMH�� X� NRMHP� VH� VOXþDMX�PRåH� XVSRVWDYLWL� ELMHNFLMD� L]PH X� GYD� NRQDþQD� VNXSD"�.ROLNR�
WDGD�LPD�ELMHNFLMD"�
�
'HILQLFLMD��,GHQWLþQR�SUHVOLNDYDQMH�LOL�LGHQWLWHWD�VNXSD�;�MH�IXQNFLMD�� XXx →:1 ��]DGDQD�VD��

xxx =)(1 ��∀[∈;��
'DNOH��GMHORYDQMHP�RYH�IXQNFLMH�DUJXPHQW�VH�QH�PLMHQMD��
�
3ULPMHU���� � ,GHQWLWHWD� VNXSD� UHDOQLK�EURMHYD�5� MH� IXQNFLMD� � I� ��5�→�5� � ]DGDQD� VD� � I�[�� �[��
∀[∈5��*UDI�WH�IXQNFLMH�X�SUDYRNXWQRP�NRRUGLQDWQRP�VXVWDYX�MH�SUDYDF�NRML�MH�VLPHWUDOD�,��L�
,,,��NYDGUDQWD��

�
'HILQLFLMD���1HND�MH��F∈<��ELOR�NRML�HOHPHQW��)XQNFLMD��I���;�→�<��]DGDQD�VD��I��[�� �F���∀[∈;��
]RYH�VH�NRQVWDQWD��
�
3ULPMHU�����)XQNFLMD��I���5�→�5�]DGDQD�VD��I��[�� ����∀[∈5�MH�NRQVWDQWD��1MHQ�JUDI�MH�SUDYDF�
SDUDOHODQ�V�RVL�DSVFLVD��

�
�

�;� <�



� ���

�
'HILQLFLMD���1HND�VX�]DGDQH�IXQNFLMH��I���;�→�<��L��J���<�→�=��.RPSR]LFLMD�IXQNFLMD�I�L�J�MH�
IXQNFLMD��K���;�→�=��RGUH HQD�VD��K�[�� �J��I��[�����[∈;. Piše se�� fgh D= ��LOL�� gfh = ��
�
8RþLPR� GD� NRPSR]LFLMD� � gfh = � SRVWRML� VDPR� RQGD� NDGD� MH� NRGRPHQD� IXQNFLMH� I� MHGQDND�
GRPHQL�IXQNFLMH�J��8�WRP�VOXþDMX�NRPSR]LFLMD��IJ���X�VXSURWQRP�UHGRVOLMHGX��QH�SRVWRML��
3ULNDåLPR�NRPSR]LFLMX�9HQQRYLP�GLMDJUDPLPD��
�

�
�
=D�NRPSR]LFLMX�IXQNFLMH�QH�YULMHGL�]DNRQ�NRPXWDFLMH�� fggf ≠ ��DNR�WH�NRPSR]LFLMH�SRVWRMH���D�
YULMHGL�]DNRQ�DVRFLMDFLMH��� 321321 )()( ffffff = ��
�
3ULPMHU�����=DGDQH�VX�IXQNFLMH��I���5�→�5��J���5�→�5��SUDYLORP��I��[�� �[ ) ��J��[�� �[������
2GUHGLPR�NRPSR]LFLMH��JI��L��IJ��RQH�]DLVWD�SRVWRMH���
� �JI���[�� �J��I��[��� �J��[ ) �� �[) �������
� �IJ���[�� �I��J��[��� �I��[������ ��[���� )  �[ ) ����[�������
�
'HILQLFLMD�� �1HND� MH� ]DGDQD� IXQNFLMD� � I� ��;�→�<�� =D� IXQNFLMX� �J� ��<�→�;� � NDåHPR� GD� MH�
LQYHU]QD�IXQNFLMD�IXQNFLMH�I��DNR�YULMHGL��JI� �� * �L���IJ� �� + ���
�
$NR�LQYHU]QD�IXQNFLMD�SRVWRML��RQD�MH�MHGLQVWYHQD�SD�VH�R]QDþDYD�VD��I , - ��)XQNFLMD��I���;�→�<��
LPD� LQYHU]QX� IXQNFLMX� � I , - � ��<�→�;� � RQGD� L� VDPR�RQGD�NDGD� MH� I� ELMHNFLMD�� ,]� SUHWKRGQRJ�
VOLMHGL��
�� xxxffxff X === −− )(1))(())(( 11 ���∀[∈;���
� yyxffxff Y === −− )(1))(())(( 11 ���∀\∈<����
�
�

;� <� =�
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)XQNFLMH�PRJX�ELWL�]DGDQH�QD�YLãH�QDþLQD��1DMYDåQLMD�VX�VOMHGHüD�WUL��
D��=DGDYDQMH�WDEOLFRP�

$NR� MH� GRPHQD� IXQNFLMH� NRQDþDQ� VNXS�� IXQNFLMD� VH� PRåH� ]DGDWL� SRPRüX� WDEOLFH�� 8�
SUYRP�UHWNX�WDEOLFH�QDOD]H�VH�HOHPHQWL�GRPHQH��D�X�GUXJRP�UHWNX�SULSDGQH�YULMHGQRVWL�
IXQNFLMH��

x � [ - [ ) … � nx

)(xf � )( 1xf � )( 2xf � … � )( nxf �
�

3ULPMHU�� 1DNRQ� GHVHWRGQHYQRJ� SURPDWUDQMD� SURGDMH� QHNRJ� SURL]YRGD� GRELYHQD� MH� VOMHGHüD�
WDEOLFD��

'DQ� �� �� �� �� �� �� �� �� �� ���
3URGDQR�NRPDGD� ��� ��� �� ��� ��� ��� �� ��� ��� ��

�
2YRP�WDEOLFRP�MH�]DGDQD�IXQNFLMD�I�L]�VNXSD��^����� … , 10} u skup  1�∪�^�`��I�(1) = 31, … , �
I������ ����
�
E���=DGDYDQMH�JUDIRP�

3R]QDWL�VX�UD]QL�DSDUDWL��VHL]PRJUDI��WDKRJUDI��HOHNWURNDUGLRJUDP��NRML�FUWDMX�NULYXOMH�
X�SUDYRNXWQRP�NRRUGLQDWQRP�VXVWDYX��

�

�
.ULYXOMRP�.�SRWSXQR��MH�RGUH HQD�YULMHGQRVW�IXQNFLMH�I��[��]D�YULMHGQRVW�DUJXPHQWD�[��%XGXüL�
GD� WR� YULMHGL� ]D� VYDNX� YULMHGQRVW� DUJXPHQWD� L]� GRPHQH�� NULYXOMRP�.� ]DLVWD� MH� ]DGDQD� QHND�
IXQNFLMD�� 3UL� WRP� NULYXOMD� .� SUHGVWDYOMD� JUDI� LOL� VOLNX� QHNH� IXQNFLMH� VDPR� RQGD� NDGD� LPD�
VYRMVWYR�GD�MH�SUDYFL�RNRPLWL�QD�RV�DSVFLVD�VLMHNX�X�QDMYLãH�MHGQRM�WRþNL��
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.ULYXOMD�.�SULND]DQD�QD�VOLFL��QLMH�JUDI�IXQNFLMH��
� � � �� � .� � � �
� � � �� � � � � �
� � � �� �� � � � �
� � � �� � � �
�� �� �� �� �� �� �� �� �
� � � �� � � � � �
� � � �� � � � � �
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�
3ULPMHU���1D�VOLMHGHüRM�VOLFL�SULND]DQD�MH�EU]LQD�DXWREXVD�NDR�IXQNFLMH�YUHPHQD��
�

� � � � NP�VDW� � � � � �
� � � � � � � � � �
� � � ��� � � � � � �
� � � ��� � � �
� � � ��� � � � � � �
� � � � �� � � � � ��������������������������������PLQXWH�
� � � � � � � � � �
� � � � � � � � � ��

�
F��=DGDYDQMH�IRUPXORP�

1DMYDåQLML�QDþLQ�]DGDYDQMD�IXQNFLMH�MH�GD�VH�]DGD�GRPHQD�;��NRGRPHQD�<�L�DQDOLWLþNL�
L]UD]�LOL�IRUPXOD��\� �I��[���NRMD�RGUH XMH�SRVWXSDN�LOL�DOJRULWDP�NRMLP�VH�DUJXPHQWX���
[�∈�;��SULGUXåXMH�YULMHGQRVW�IXQNFLMH��I��[��∈�<��

�
3ULPMHU���)XQNFLMD��I���1�→�1��]DGDQD�MH�VD��I��[�� ��[������[�∈�1��,]�RYH�IRUPXOH�VOLMHGL��
I����� ��⋅������ �����I����� ��⋅������ ����LWG��
2YH� QDP� IRUPXOH� SRND]XMX� GD� EURM� � [∈1� WUHED� SRPQRåLWL� V� EURMHP� ��� D� ]DWLP� EURMX� �[�
SULEURMLWL�EURM����
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'HILQLFLMD�� � )XQNFLMD� � I� �� ;�→� <�� JGMH� MH� � ;�� <�⊂�5�� ]RYH� VH� UHDOQD� IXQNFLMD� UHDOQRJ�
DUJXPHQWD��
�
'DNOH�� UHDOQD� IXQNFLMD� UHDOQRJ� DUJXPHQWD� MH� RQD� IXQNFLMD� þLMD� MH� GRPHQD� L� NRGRPHQD� QHNL�
SRGVNXS�VNXSD�5�LOL�þLWDY�VNXS�5��8EXGXüH�üHPR�SRG�IXQNFLMRP�SRGUD]XPLMHYDWL�LVNOMXþLYR�
UHDOQX�IXQNFLMX�UHDOQRJ�DUJXPHQWD��7H�IXQNFLMH�QDMþHãüH�VH�]DGDMX�DQDOLWLþNL��WM��IRUPXORP��

)(xfy = ��QSU��� 2)( 2 −+= xxxf ���
x

xf
1

)( = ���� )52sin(3)( −= xxf ��$NR�VH�IXQNFLMH�]DGDMX�
QD� WDM�QDþLQ�� WM��EH]�SRVHEQR�LVWDNQXWH�GRPHQH�L�NRGRPHQH��RQGD�VH�SRG�GRPHQRP�IXQNFLMH�
SRGUD]XPLMHYD� SULURGQD� GRPHQD�� D� SRG� NRGRPHQRP� þLWDY� VNXS� 5�� 3ULURGQD� GRPHQD�
IXQNFLMH�� )(xfy = �MH�VNXS�VYLK�HOHPHQDWD��[�∈�5��]D�NRMH�MH�� )(xf UHDODQ��NRQDþDQ�L�RGUH HQ�
EURM��LOL��WR�MH�VNXS��'� �^�[�∈�5�_� )(xf ∈�5`��
�
3ULPMHU���3ULURGQD�GRPHQD�IXQNFLMD��

2
7

3)( −= xxf ���� 2)( 2 −+= xxxf ��� xxf 2)( = �MH�VNXS�

5��SULURGQD�GRPHQD�IXQNFLMH� �
9

2
)(

2 −
−=

x
xf � � MH� VNXS� �5?�^�����`��IXQNFLMH� � 5)( += xxf ��

VNXS��^�[�∈�5�_�[�≥���`��D�IXQNFLMH��
x

x
xf

sin
)( = ��VNXS��5?�^�`��

�
3RVHEQR�MH�YDåQR�GD�RYH�IXQNFLMH�PRåHPR�SULND]DWL�QMLKRYRP�VOLNRP�LOL�JUDIRP��*UDI�UHDOQH�
IXQNFLMH�UHDOQRJ�DUJXPHQWD�MH�VNXS��* . � �^�[� )(xf ��_�[�∈�;`�⊂�5�×�5��L�WDM�VNXS�SUHGVWDYOMD�
NULYXOMX�X�UDYQLQL�X�NRMRM�MH�SRVWDYOMHQ�SUDYRNXWQL�NRRUGLQDWQL�VXVWDY��3UL�WRP�VH�QD�RV�DSVFLVD��
QDQRVH�YULMHGQRVWL�DUJXPHQWD�[��D�QD�RV�RUGLQDWD�YULMHGQRVWL�IXQNFLMH� )(xf ��
�
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� � � �I�[�� � � � � � �
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3ULND]LYDQMH�IXQNFLMH�SRPRüX�JUDID�RGQRVQR�NULYXOMH� �* . LPD�YHOLNX�YDåQRVW� MHU�VH� L]�JUDID�
ODNR�XRþDYDMX�RVRELQH�IXQNFLMH��6MHWLPR�VH��]ERJ�GHILQLFLMH�IXQNFLMH��NULYXOMD�* . LPD�VYRMVWYR�
GD�MH�RNRPLFH�QD�RV�[�VLMHNX�QDMYLãH�X�MHGQRM�WRþNL��
�
3ULPMHU���6MHWLPR�VH�QHNROLNR�RG�SULMH�SR]QDWLK�UHDOQLK�IXQNFLMD�UHDOQRJ�DUJXPHQWD�L�QMLKRYLK�
JUDIRYD��JUDI�IXQNFLMH��

2
5

)( =xf �MH�SUDYDF�SDUDOHODQ�V�RVL�[��RYD�IXQNFLMD�VH�]RYH�NRQVWDQWD���
JUDI�IXQNFLMH�� xxf =)( �MH�SUDYDF�NRML�MH�VLPHWUDOD�,��L�,,,��NYDGUDQWD��RYD�IXQNFLMD�MH�LGHQWLWHWD�
VNXSD� 5��� JUDI� IXQNFLMH� � 32)( −= xxf � � MH� SUDYDF�� JUDI� IXQNFLMH� � 2)( 2 −+= xxxf � MH�
SDUDEROD��JUDI�IXQNFLMH�� xxf sin2)( = ��MH�VLQXVRLGD��JUDI�IXQNFLMH�� [ ] [ ]2,02,2: →−f ��]DGDQD�
VD�� 24)( xxf −+= ��MH�SROXNUXåQLFD��
�
8]�IXQNFLMH�YH]XMX�VH�VOLMHGHüH�GHILQLFLMH��RGQRVQR�SRMPRYL��
.DåH�VH�GD�MH�IXQNFLMD��I���5�o�5��RPH HQD�LOL�RJUDQLþHQD�DNR�SRVWRMH�UHDOQL�EURMHYL��P��L��
0��WDNYL�GD�MH��P�≤�I��[��≤�0����∀[∈5��
7DNYD�IXQNFLMD�QH�SRSULPD�YULMHGQRVWL�PDQMH�RG�P��D�QLWL�YHüH�RG�0��SD�VH�QMHQ�JUDI�QDOD]L�
L]PH X�SUDYDFD��\� �P��L��\� �0��

� � � �� � � � � � � �
� � � �� � � � � � � �
�� �� �� 0� �� �� �� �� �� �� �
� � � �� � � � �
� � � �� � � � � � � �
� � � �� � � � � � � �
�� �� �� �P� �� �� �� �� �� �� �
�� �� �� �� �� �� �� �� �� �� ��
� � � ��� � � � � � � �
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1SU�� )(xf  �VLQ�[��MH�RPH HQD�IXQNFLMD��D�� )(xf  ��[����� )(xf  �WJ�[��WR�QLVX��
�
.DåH�VH�GD�MH�IXQNFLMD��I���5�o�5�UDVWXüD�LOL�X]OD]QD��DNR�]D�� ∈∀ 21 , xx 5�� 21 xx < �SRYODþL�
GD�MH�� )()( 21 xfxf ≤ ��RGQRVQR�SDGDMXüD�LOL�VLOD]QD�DNR�]D�� ∈∀ 21 , xx 5�� 21 xx < �SRYODþL�GD�MH��

)()( 21 xfxf ≥ ��
$NR�XPMHVWR�� )()( 21 xfxf ≤ �YULMHGL�� )()( 21 xfxf < ��NDåH�VH�GD�MH�IXQNFLMD�VWURJR�UDVWXüD��
0RåH� VH� UHüL� GD� VWURJR� UDVWXüD� IXQNFLMD� LPD� VYRMVWYR� GD�PDQMLP� YULMHGQRVWLPD� DUJXPHQWD�
RGJRYDUDMX� PDQMH� YULMHGQRVWL� IXQNFLMH�� $QDORJQR� VH� GHILQLUD� L� VWURJR� SDGDMXüD� IXQNFLMD��
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5DVWXüH�L�SDGDMXüH�IXQNFLMH�]RYX�VH�PRQRWRQH�IXQNFLMH��1DMþHãüH�IXQNFLMH�QLVX�QL�UDVWXüH�QL�
SDGDMXüH���
�
3ULPMHU�� 3)( xxf = ��MH�UDVWXüD�IXQNFLMD��� 12)( +−= xxf ��MH�SDGDMXüD�IXQNFLMD��D�� 2)( xxf = ��
QLMH�QL�UDVWXüD�QL�SDGDMXüD��
�
.DåH� VH� GD� MH� IXQNFLMD� � I� �� 5�o� 5� SDUQD� IXQNFLMD� DNR� YULMHGL� � )()( xfxf =− ��∀[∈5��
RGQRVQR�QHSDUQD�IXQNFLMD�DNR�YULMHGL�� )()( xfxf −=− ��∀[∈5��
*UDI�SDUQH�IXQNFLMH�VLPHWULþDQ�MH�V�RE]LURP�QD�RV�\��

�
D�QHSDUQH�IXQNFLMH�VLPHWULþDQ�MH�RE]LURP�QD�LVKRGLãWH�NRRUGLQDWQRJ�VXVWDYD��

�
�
3ULPMHU��� 2)( xxf = ��L�� xxf cos)( = ��VX�SDUQH�IXQNFLMH��
� ���� 3)( xxf = ��L��� xxf sin)( = ��VX�QHSDUQH�IXQNFLMH���
� ���� 12)( += xxf ��QLMH�QL�SDUQD�QL�QHSDUQD�IXQNFLMD��
�
.DåH� VH� GD� MH� � I� �� 5� o� 5� � SHULRGLþQD� IXQNFLMD� � DNR� SRVWRML� � S∈5� � WDNDY� GD� MH��

)()( xfpxf =+ ��∀[∈5��1DMPDQML�SR]LWLYQL�EURM�S�V�WLP�VYRMVWYRP�]RYH�VH�RVQRYQL�SHULRG��
�
3ULPMHU���)XQNFLMD�� xxf sin)( = ��MH�SHULRGLþQD�IXQNFLMD��2VQRYQL�SHULRG�WH�IXQNFLMH�MH���π���
�
%URM��[ / ∈5�]RYH�VH�QXOWRþND�IXQNFLMH�I���5�o�5��DNR�YULMHGL�� 0)( 0 =xf ��7R�MH�GDNOH�EURM�X�
NRMHP� IXQNFLMD� SRSULPD� YULMHGQRVW� QXOD�� RGQRVQR� WRþND� X� NRMRM� JUDI� IXQNFLMH� VLMHþH� RV� [��
3ULPLMHWLPR�GD�VPR�WX�UHNOL��EURM�RGQRVQR�WRþND���WM��EURM�VPR�SRLVWRYMHWLOL�V� WRþNRP��7R�VH�
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VPLMH� MHU� ]QDPR�GD� L]PH X� VNXSD�5� L� VNXSD� WRþDND�EURMHYQRJ�SUDYFD� SRVWRML�SUHVOLNDYDQMH�
NRMH�MH�ELMHNFLMD��
1DYHGHQL�SRMPRYL�NRULVWH�VH�SUL�DQDOL]LUDQMX��RSLVLYDQMX��SURL]YROMQH�IXQNFLMH��
�
3ULPMHU�� � 1DFUWDMPR� VDGD� JUDI� QHNH� SURL]YROMQH� IXQNFLMH� � )(xfy =  i  opišimo svojstva te 
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Kada se uz operacije koje vode do racionalne funkcije dopusti još i korjenovanje, dobivamo 
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SULPMHUX� �� MH� PRQRWRQR� SDGDMXüL� L� RJUD HQ� RGR]JR�� QL]� X� SULPMHUX� �� MH� RJUD HQ�� D� QL]� X�
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